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GENERAL PROPERTIES OF CONVERGENCE 


Let {A,}(n21) be a sequence of numbers all positive, ex- 
cept perhaps \x, which can be positive or zero, strictly in- 
creasing to infinity, and let {a,}, (n=1,2---), be a sequence 
of complex numbers. 

The series 
(1) Be ees, 

n=1 
where s=o-+i¢ is a complex number (with o and t real), is 
called a Dirichlet series. 

If in a Taylor series 


(2) > nz” 
n=1 


we put z=e~*, the series becomes a Dirichlet series 


(3) e ane" 


n=1 
which we shall call a Taylor-D series. Here },=n(n21). 
Another example of Dirichlet series is furnished by the series 


o 1 co] 
(4) —= yy eMlog m)s, 
n=1 1 n=1 

1A series of lectures delivered at the Rice Institute during the academic year 
1942-43 by S. Mandelbrojt, Docteur és Sciences (Paris), Professor at the Collége 
de France, Visiting Professor of Mathematics at the Rice Institute. 

In the present course the author does not pretend to give a general theory of 
Dirichlet series. This was masterfully done some ten years ago by Vladimir Bern- 
stein (see bibliography [3]). Apart from certain elementary results concerning con- 
vergence of Dirichlet series, we give here general results, some very recent, based 
essentially upon methods introduced by the author in his previous papers. 
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which represents the famous ¢(s) function of Riemann. In 
this case 4, =log n. The function £(s), as well as the func- 
tions represented by the series of the more general form 
Se = Zs Yi ane 008 n)s 
n=1 n=1 
plays a very important role in the theory of numbers. 

Let us recall that the Taylor series (2) admits a radius of 
convergence, R, which may be equal to 0, to infinity, or to 
a positive finite number. In the first case, the series con- 
verges only for z=0, in the second case it converges for 
every value of z, in the case when 0<R< = the series con- 
verges for |z| <R and converges for no value z such that 
|z|>R. The circle |z| <R (if 0<R) is the circle of con- 
vergence of (2). In each case R is given by the formula: 

Goes ; 
37 lim sup|a,|” 


n=o 


It is, moreover, well known that the series (2) converges 
absolutely inside the circle of convergence, and converges 
uniformly in each closed bounded region situated inside the 
circle of convergence. 

Since the transformation z=e~ gives ¢ = —log|z|, = —Argz, 
we see that, if z varies on a curve L inside a circle |z| <a 
the variable s varies on a curve L’ which is situated in the 
half-plane o >log a. (Ifto a point % of L we make correspond 
the point 59 =oo+7t) with 0<t <2z the curve L’ is well de- 
fined, since we agree to consider s as varying in a continuous 
Way as z varies on L), 

The series (3) converges therefore absolutely for 
(5) o> lim sup log|an| =J¢, 

n= 0 n 
if oc < », and does not converge if o <a¢ (if — «© <g¢). The 
series (3) converges also uniformly in every closed bounded 
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region situated in the half-plane (5). But the series (3) does 
not converge at any point if o¢= 0. 

The facts just mentioned cannot be translated directly 
into general Dirichlet series, in replacing simply the quan- 
tities n by X,. The most striking difference between general 
Dirichlet series and Taylor-D series, from the point of view 
of convergence, consists in the non-coincidence of the half- 
planes of different kinds of convergence. 

The following theorem furnishes the greater part of re- 
sults concerning convergence properties of a Dirichlet series 
(see for instance [3]):! 

TueoreM I. Jf >) ane, (so =ao+tto) converges, then 
>) anes converges uniformly in every closed angle given by 
Tv 
7 

Let us set s=59+5', 5’ =0'+it’, o’ >0, |Args’| <y, and 
let us write 


| Arg (s—s0)| Sy < 


> a2 =A m(50) =, 
1 


> a,e-™ =S$ = lim 4». 
1 


m=on 
Lal 
a’ 


We have for s=s59+s’ and g>p22: 


4 a habs hae? 
> Qf ear eo 
? ? 


(A, —Aya)e™ = [(An- 8) = (Ana S) Jem 


We have: a’ >0, <tany=M<o. 


(6) 


(4, —S)(e en") +A, Se 
~(A,p1—S)e7*. 


1Numbers in brackets refer to the bibliography at the end of the Pamphlet. 
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If for e>0 given, p is chosen such as to have |4,—S| <é€ 


for n=p—1, then 
Saves S| 4,—S] Je eo | 
? p 


(7) +[4_—Sle>’ +|4p1—S]e>" 


qg=i 


WS |e" — emt" | 4-26, 
? 
But 
— ns! Anus’ | — / curt , sie A 
ae cain ag Oe ce OE Me ent 278 ma BR na £71 
An An 


a Ea (e— mo" — ese") <(M +1) (em — enn’), 
o 
and it follows from (7) that 
a =3 
| Sane | S2ete(M +1) (ew en?) 
D ? 


=2e+e(M+1)(e-" —e-”) Se(M +3). 
This proves the theorem. 

The following theorem is an immediate corollary of 
Theorem I. 

TuHeoreM II. If >) ane—™ (50 =o0+%to) converges, the series 
D>) ane converges at each point s=a+it with o>o, and 
converges uniformly in each closed bounded region which is 
situated in the half-plane o> oo. 

If we now replace the series (1) by the series 


(8) x la, |e—™s, 


we see from Theorem II that if (8) converges for 5) =o 
(real), it converges also for s=a>o». Since |e—| =e" 
we see that the following theorem holds. 
TuroreM III. If the series (1) converges absolutely for 
$=50=Co+1h, it converges absolutely for s=a+it with >a. 
By a classical reasoning, in which the notion of Dedekind’s 


3 
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cuts is involved, Theorems II and III lead immediately to 

THEoREM IV. If there exists a point at which the series (1) 
converges, then e1ther (1) converges for each value of s or there 
exists a real number ac( — © <ac< ~) such that (1) converges 
for o>«c and converges for no s with o<oc. If D>|an|e7 
converges for one value of o, then either this series converges for 
all the values of o, or there exists a quantity o4(— © <a <«@) 
such that this series converges for ¢ >o4 and diverges for o <aa. 

If the series (1) converges at no point we shall write 
gc=~. If (1) converges at every point we shall write 
oc=—o. If >°\a,|e-" converges for no value of « we 
shall write og = «, and if it converges for each value of o 

we shall write o4=— ©. 

The quantities o¢ and og are called, respectively, abscissa 
of convergence, and abscissa of absolute convergence of the 
series (1). The straight-lines given by o=oc, o=o4 are 
called axis of convergence and axts of absolute convergence of 
the series. Obviously o4 2o¢. For a Taylor-D series o4 =a, 
but this is not true in general. It is, for instance, known 

1)” 
a 


*that the series Se converges for ¢>0 and does not 
n 


converge for ¢S0. On the other hand, >> - converges for 


o>1 and diverges for o<1. For the series >) Set 


oc =0, og =1. The values of o¢ and og are furnished by 


the following theorem. 
THEoREM V. Let us set 


log] 55 an| 


ax |i ts ae J! 
©) fH ag 
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The series (1) converges for o>max (0, a), and 1f a>O0, then 
oc=a. Let us set 


log > |an| 
(10) b =lim sup : 


n=o An 


The series (1) converges absolutely for ¢ >max (0, b), and if 


b>0, then o4 =). 
The part concerning the absolute convergence follows 


immediately from the first part if we replace the series (1) 
by > lan | ens, 
Let us set 4,=4,(0) = > am. Let us suppose that 
1 


lim sup og Lael 4 < 0. 


n=o 


If e>0, then for n>n.,, 


log|4n| e. Sp AOE Awl oe eoe 
FR Soe OB? if a> ey, Tye eas if a=—. 


n n 


Hence: 


n( e+5 cays 

(11) |4,| g Pel stad [AP Se af ae. 
Let us set a’ =max (0,a). 

We may write for g>p=2: 


q qg 
Dy Ane O9 = >) (A, —Ag see t9 
? > 
eR! 
= pe PAT ieee: — ene’ +e) +A ee’ +9 — A, ye +9, 
It follows then from (11) that if p>1+7. then: 


q =t , 
De Ane —\n(a’ +e) | < ‘ oC +3) (e —An(a’ +6) — ee n@'+9) 
p p 


oe e ala’ +e) Sil +5) era’ +e) 
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eee | ante n-1 € € 
42) <3 oC) (e'46) | Met) du tei ewes 
p Xn 


Ant 


a, =i s s 
<= (a’ +e) >» e 2 du +e 2 +e? 
p An 


Xg ’ 

5 St a —dgs —Aps 

=(a’+e)] ¢ 2 dute t+e 2 
Ap 


per du<o, 
0 


one sees immediately that the expression 
ga = = 
(a’ +e) fi e 2 dute—2?+¢e—2 
Ap 


tends to zero as # tends to infinity. This proves that the 
series (1) converges for s =a’+e, thus that oo <a’. 

We shall now prove that if (1) converges for s=o)>0, 
then ao». This will prove that if a= ~, then o¢ = ~, and 
that if 0<a<«, then a2oc¢. This together with o¢ <a’ 
proves the theorem. 

We can write 


n n—1 
An= > an= > An(a)(2"% — ent) 
1 2 
+ An(ao)e+aye-™%(e% —P*), 


If >) a,e—’» converges, there exists a constant M such 


that |4,(00)| <M, (n21), and 
n—1 
[4] 5M [Z (Cvs —eon) $e 
1 


= M(2e—" —e%) <2Me, 
which proves that 


and since 


a=lim sup 


nu=e 


toe 4. Apt 


The next theorem is an immediate corollary of Theorem V. 
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TueoreM VI. If >) ane~% does not converge, then 


log | oe Ane >| 
1 


oc =oo+lim sup x 


n= oo 


If >) \an|e7 = oo, then: 
log (22 ] 4m] a") 


o4 =o +lim sup i 


It should be remarked that in Theorem V the hypothesis 
a>0O (as well as b>0) is essential. Suppose indeed that the 
series (2) represents a function f(z) holomorphic in |z| <Ri 
with R,>1, and such that f(1) #0. The series 


(0) = pf) = E Aw, (Aa= Ean) 


has then the radius of convergence equal to unity, since 
the point z=1 is singular for ¢(z), and 
lim | sup Haste | 4. =() 
but, on the other hand, for he: series (3), oc S$ —log Ri <0. 
We shall have also to use the following theorem which 
furnishes cases in which the abscissas of convergence are 
obtained by formulas analogous to those for Taylor-D series. 
Tueorem VII. /f 


then lim sup > Xr, Soe 


f rie 
o4 =oc =lim sup log |a.| : 

u=o » 
Let us suppose that 


nm 1 
Cer o(n=2), 


and let us first suppose that a=lim sup alee o. If 


b, >a, we have, for n>m3,: |an| <e"%, and for o>): 
lan | ea ne < errs —o) <eklh —o)n 


te 
° 
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Thus >i |an|e7"< «© for o>a. On the other hand, if 
— «<a, and if — © <o <b; <a, we have for an infinity 
of 2: |a,| >e, and |a,|e7" =en-) >1(n>1), the series 
(1) does not converge therefore for ¢<a. This proves the 
theorem. 


Theorem VII holds also, as G. Valiron has proved, if the 


condition lim sup gs replaced by the less restrictive 
n 


condition lim og “=0 (see [3]). 


A Dirichlet series may converge at every point and con- 
verge absolutely at no point, that is to say, the case may 
occur in which g¢ = — ©, m=. 

Let us set: soaks An = V log log n, (n =3). 
If k>0O, the following relationships hold: 

(a) lim a,e* =0 

(B) |anle*<|anuler* (n>n,). 


The first relationship is obvious. The second can be written 
in the form: 


—log (1—=)>& (Vlog log »—Vioglog (1), (n>m), 


which follows from —log (*=*)0> and from the 


relationship 


n 


Pe = RiRL. Lhe 1 
Vlog log n —V log log(n —1) -F, loge ete 
The series >> a,e* (alternating, for » sufficiently large) 
converges therefore for k>O arbitrary. This proves that 


gc=—. On the other hand, X |am| log n, hence 
log Lam] .  loglogn 


o4 =lim sup Sr ae iii: Aa ee 
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log ” — ©, Let us remark that in this 


In this case lim sup 


example the quantity a of Theorem V is equal to zero. 

The following theorem gives a general relationship be- 
tween the two abscissas of convergence. 

TueoremM VIII. For every Dirichlet series 
(13) o4 —o¢ Slim sup a : 


n=o n 


The examples above show that the sign of equality cannot 
be omitted in this theorem. 
Let us set 


lim sup = =). 


n=o n 
Any positive e being given, we have to prove that 
) jldaler a? ee 


From the convergence of (1) for s=a¢ A it follows that 


| An Ce) 


lan <A<o, 


and 
—»,(o+8 
lag emioototo < 4g MOH), 


but for n>: 
log n € 
Hence An <p 4 


b+s b+5 
—log x a . fi 
b+< 
Janfemertt te Hh adn MH, 


which proves the theorem. 


If o¢<, the series (1) converges uniformly in every 
closed bounded region situated in the half-plane o>g¢. 
This series represents then an analytic function f(s) holo- — 
morphic for ¢>¢¢: 


(14) fs) =D age". 
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By f(s) we shall understand not only the sum of the series, 
but generally the function given by its analytic continua- 
tion, and we shall call it the function represented by the series 
> ane—*. The actual sum of this series in ¢>o¢ will be 
called the principal branch of f(s) in o>oc. To be more 
specific, the corresponding abscissas o¢, o4 will be denoted, 
when needed, by ac’, au’. 

It is obvious that the principal branch of f(s) is bounded 
in g204+¢, if 4 >—~%, (a1 < ~~), the quantity e>0 being 
chosen arbitrarily. We have as a matter of fact, in this 
half-plane: 

IfG) [= 22 |anlePmea. 

Before we close this chapter we should remark that in 
contrast to a Taylor-D series, a general Dirichlet series does 
not converge uniformly in every half-plane ¢ 2oo>0c(ac< &), 
although it does converge uniformly in every bounded closed 
region of such a arg ss This is, for instance, the case 


of the series >> Scab “, which does not converge uniformly 


in the half-plane ae >0 with o.<1, and yet here o¢ =0. 
A Dirichlet series does converge uniformly, as is readily 
seen, in each half-plane ¢>01:>04(0,< »). H. Bohr intro- 
duced the notion of the abscissa o, of uniform convergence 
which is the g. |. b. of quantities oo, such that (1) converges 
uniformly for 200. Obviously o¢ $e. <o4. Bohr has shown 
(see [3]) that 
log(1. es ee OP ant™|) 


s —x<i<o 1 
o, =lim sup Aaa ee —____*» 
n= An 


if the right-hand expression is positive. 


II 
EVALUATION OF THE COEFFICIENTS 


We shall extend to Dirichlet series the well known Cauchy | 


formula for the coefficients of a Taylor series. We shall 
suppose that o4 < ~, although this condition is not essential. 
But we shall not have to use the most general cases in which 
the formulas, established here with this restrictive hypothe- 
sis, are still true. 


THEOREM IX. Jf 
f(s) = >> anes 
n=1 
with ost < ©, then 


(15) Ane = Jim 3 T |, flovtidentd (n=1), 


where t) 15 arbitrary, dere o1><a4', otherwise arbitrary, and 
where f(oitit) 1s the value of the principal branch of the 
function. 

We have with s =o,+7t: 


rf f(sedt = 7 (> ant ae 
1 
1 | : 
(An —\m)s n —Am)S 
tall (Eg apes ata [: ndt +> b h(Soa Yt Ba ») at 


Since, for & real, 80: 
eee) By ee 
lim 7 Fogel 


T=0 
and since the series under the integral signs converge uni- 


formly with respect to t(— © <t< ©), we see that: 


T 
lim 1 Oe neon 0) dt =0 


170 


Evaluation of Coefficients 171 


T 
lim ie Ame —rm)s \d¢ =(), 
T= Jto \n-+1 


T 
lim 1 7 [feat = lim 7 andt =An, 
to 


which is SAveieit to the statement of the theorem, 

As a matter of fact, it is seen that in Theorem IX, oi’ can 
be replaced by a,/, since only the uniform convergence was 
used in the proof. 

We shall have to use the following lemma. 

Lemna I. If c>0, if k is a positive integer, and if w is real, 
then: 


Hence 


© wk-1 

1 ete ty) » (w>0) 

¥ ie | Gea ee 
Let us first suppose w>0. If T>0, 01 <0, we shall denote 
by J, (+7, o1) the segments (¢:S0<c, t= +T) and by 
I.(T,o:), I3(T) the segments (¢=0, |t]} $7) and (c=c, 
|\t} <7). By C(T,o1) we shall denote the rectangle composed 
of the four segments. We have by the theorem on residues: 


“a 1 evs :. w*-l 
17) Ini Tipe aN 
C(T,o) 


Since for o; fixed the integrals extended over [,(7',o1) 
and J,(—7,0:) tend to zero, we see that 


- “le Hin ze * polar Hi) Be w*-l 
Gi ote tea)!" 


and since the second integral in this equality tends to zero 
as o; tends to — ~, we see that our equality holds for w>0. 
The proof is similar if w<0. Here C(7,01) should be re- 
placed by a contour C’(7,o2) with o.>c and composed of 
segments I,’ (+ 7,02) =(c So S02, t= +T), [2(T,02) =(¢ =02, 
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|t} <7), I3(T). The integral (17), in which C(7,o1) is re- 
placed by C’(7,02), is then zero, since the function under 
the integral sign is holomorphic inside C’(T,o2), and on mak- 
ing first J tend to + and then o2 to + © we obtain the 
desired formula. 

THEoREM X. If 
f(s) = Do ane ; 


with of <<, if v=0 and if k is a positive integer, then 
forOSvsm™: 0 


for >i Dy (yds) Mn _(k-1) ! fle+iec 5 
21 (c-+1t)* 
where c>max(a4',0). 


We have, with s=c-+uit for y>Xx: 


f(s)er? (>> ane ™)erdt 
oe Be Oe ee ae 
5 5 
SF anes . aes 
fe MS? dg reall dt 
amet eet teed ss ; 


From Lemma I and from the uniform convergence of the 
series under the last integral sign we see that the last in- 
tegral is zero. Therefore by Lemma I: 


(k—1)! | 1) ogy (E=1)! [¢ (3 adem) 
2a sf 2a Xn <P 5k 


i) 


k—1)! ee dn)s 
_(k—-1)! = Ze f § = dt= >- a,(v—=2,)*-1 


n<v 


2 


If »<), then 


[2 “| (xa el Ans \G=0. 


In this theorem, too, oi“ can be fe by oJ. 


III 


ARITHMETICAL PROPERTIES 
OF THE SEQUENCE OF EXPONENTS 


The properties of the function f(s) represented by the 
series (1) depend on both sequences {X,} and {a,}. The 
properties of {X,} which are mostly involved in the modern 
theory of Dirichlet series, are of two different kinds: a) the 
arithmetical character of the sequence; b) the growth of 
the number JV(¢) of quantities \,, smaller than ¢ as ¢ tends to 

infinity. 

We shali begin with some theorems on Dirichlet series 

in which the X, have simple arithmetical properties. 

Let us begin by studying a certain analytical transforma- 
- tion. 

In the z-plane we define the region A(a), (a>0) as fol- 
lows: the frontier C(a) of A(a) is composed of the segments 
*(18) oe ey en ihe ho eye a 


and the curve 
(19) ail ~asin*(3), 


A(a) containing the positive real axis. A(a) contains there- 
fore also the points with x >0, y = (2k +1)z7, and all the points 


with y ~(2k+1)7, x>—-—a sin? (3). 
In the s-plane, (s=oa+it), we define the region D(a) 
(0 <i <3) as the region containing the real positive axis 


Z 


‘of which the frontier is the curve L(A) given by 
173 
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(20) o=) sin? (‘Lz P*), 
1 


: Bret 
where [a] denotes the integer nearest to a (if Ig ta 


where 7 is an integer, || can be taken equal as well to | 


n as to n+1, since the value of o in (20) remains then the 
same). Each point of L(A) is clearly at a distance not greater 


than ; from the ¢-axis; only the points G Qn+1)n) of 


L(d) are at the distance . from this axis. 


Let us set, for z € A(a): 
(21) 5 =(z) =z—log(1+e-) +log 2, 
with log(i+e-*) >0, («>0), the function log(1+e-) being 
defined for other points of A(a) by continuity. 


Lemna II. If 0<Xd oa there exists a positive a such that 
if 2€ A(a), then s =o(z) e D(A). 

We prove first that the points satisfying (19) are mapped 
on D(A). We have: 


Jie" =G) 121426" ait) cos y-+e* sint($) 


A (24 sin? G))’ 2 (« sin?(3))" 
=1+ 2, 42 cosy) > 
i) n 0 n! 


=2(1+cos y) +e sin? (3) .A(a,y), 


where 4(a,y) is given by a series which converges uniformly 
when 0<aSm, — 0 <y<, a >0 being any fixed quan- | 
tity; and thus, for 0<a<a, |A4(a,y)|<M<«. Hence, 
to every «>0 there corresponds an a(e) such that for 
0 <a<a(e): 
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2<4—4 sin? (5) +Ma sin? (3) 


<4-—4(1—.) sin? (3). 


|1+e sint() ooh 


Hence if \ <}’ a we have for a sufficiently small: 


|1+e sae 24 (1 —2n’sin? (3)) , 
and 
(22) log|1i+e" a) es <log 2 3. log (1 —2)’sin2 (3)) 
<log 2 —’sin? (3). 


If now z satisfies (19) we have for s=o+it=9(z): 


int?) 3 
o=a(y)=—a sin(3) —log|1+e°"" @ ”| +log 2, 


and if @ is sufficiently small, we have by (22): 
(23) ~«=0(y) = —a sin? (3) +2’sin?2 (3) >) sin? (3). 
On the other hand, we have for all y: 
e asin’(}) —iy. 
(24) (Arg(ite  ““ -))s), 
where (a) =|a -(#| 2x|. And, since, if s =¢9(z) =9(x+1y), 


t=y —Arg(1-+e~*) 
(t) S(y) +(Arg(1 +e~*)), 
we see by (24) that (#) <2(y), that is to say, 


a 
je—[ 5 [21 <2ly Fag 
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It follows now from (23) that if z satisfied (19) and if 
s=g(z) then: 


ED a= ano‘“LasF*) 


that is to say, if z satisfies (19) with a>0 sufficiently small: | 
a<a, then s=¢(z) e D(A). 


Let us remark that perm ae (with y fixed), de- 
creases. as a decreases to —o. Therefore (22) and (23) 
hold also if z satisfies (19) with — © <aSap. Since (24) is 
true for each fixed value of a, we see that (25) with the sign 
> is true for s=¢(z) where-z is any point of A(ao) (open). 
We have thus proved that if z e A(a), then s e D(A), which 
is the statement which was to be proved. 

We now prove the following theorem [8]: 

TuHeorEeM XI. Jf f(s) is holomorphic and bounded in a 


region D(A) with O<d os of for o sufficiently large 


f(s) a » te Py 
where the sequence {Xa} is such that for no couple of two in- 
tegers n, m(n~¥m) is \n—Am an integer and if as’ < ~, then 
the sequence {an} is bounded. 
If we write s=¢(z) =z—log(1+e-)+log 2, we get from 
the relationship: 


al 


(1 +e-7)™ =e >; Yd pe ® 
0 
where R(z) =x >0, and where: 


Tm —dn(An 1) +++ An —m+1) 


m! i 


the equality: 
2a ane Dae oe Lcke 


Gn _y = ee ny 
= Dee = Ls ms _ oD b,e Mrs 
n m r=1 


(26) 
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Here {u,} is a sequence of positive numbers tending to 
infinity and is such that to each r there corresponds a posi- 
tive integer n and a non-negative integer m such that 

| Hr=,»+m. Since we suppose that no two X, differ by an 
integer, to each r there corresponds only one such couple 
(n,m). We shall show that the last series in (26) converges 
absolutely for x sufficiently large, which means that the 


double series in this equality converges absolutely, since 


an = : 
(27) be ~#= ia Yond 4 Oats 


where n and m are the two unique integers which correspond 
to r. . 


Since 
(m) 
= = | amt >1, 
if, and only if, m ate Eh we see that: 
(28) max| T™| =T, (2 )) : 


where E(c) denotes the largest integer not larger than c. 
It follows from (28) that, on setting 


ak); 6, =F (=F): 


» 


2 
(29) c= <max| meal Liar? 
(the left-hand inequality having a meaning when i, 21). 
But if a, 8, with a>, are two integers tending to infinity, 
then 
a! Va ae 
CI Bla—A)l” Vie V Bla) Pla— By 
and if a=28+0(1), B-~~, then 


awe ee a 2=O(1). 
log Ba — B=? a log (1) 
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Thus there exist two positive constants M;, M2 such that 


M,2™ M,2* mn. 
— Fe exe ae 
rT <max| | ee 
It follows then from (27) and (28) that, if r=r(n) is such 


that u,-=A\, +L r) then 


(30) 


(31) |an| = |Dm | S = 77, asin, 


max ae te 


Moreover by (26): : 
Dld-|e SD a> Lr ones 
=1 


—Anx 
<M. Dll ee Dem = Ms eal es 


The last series converges for x> max (o’,0), hence 
>, b,e-”* has an abscissa of absolute convergence (< «). 
By Theorem [X we may therefore write: 


r 
(32) boa Nim _ i F(s-biy) ett dy, 
T=0 0 


where F(z) = >) b,e-“*, and where x; is sufficiently large. 
By Lemma II, since f(s) is ee and bounded in 


some region D(A) with 0<2d<5, F(z) is holomorphic and 


bounded in A(a) where a>0 is chosen sufficiently small. 
On denoting, for r sufficiently large, by C,(a) the curve 
in the x-plane composed of segments 


=(2k+1)r 
3 
% ) eres Sx 505 
mm 


and the curve 


(34) x=—a sin? (3) al 


* 
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we see, by an immediate application of Cauchy’s theorem, 


_ that from (32) follows the sien 


(35) b= lim = | F(2)e*" dz, 


= 0 i Cr(a,T) 
where C,(a, 7) is the part of the curve C,(a) which begins 


: 1 ere e 
at the point (3 0) and ends at the point with ordinate 


T, the segments of form (33) with 0<(2k+1)4r <7, which 
therefore belong to C,(a, 7), being counted twice, first run- 


ning from (-e+2, (2k +1)n) to (0, (2k+1)) and after- 
wards in the opposite sense (the direction on C,(a, 7) is 


defined by the fact that it begins at (- ; 0)). Formula 
ue 


r 


(35) follows from the fact that the integrals of F(z)e"* over 


1 
the two segments { — 


Sx Sxi,t -0) and the segment with 
t=T situated between C,(a) and the line x =x; are bounded.! 


It follows then from (35) that 


12, | <M| [ie ef-s) dy [eee ae, 


—a+" 


where M is a positive constant. We have Hf Ri 
(36) [,| <M, |e zoom sist) dy+u (1 eta), 
For every fixed r sufficiently large, we choose n such that 


2 
“4 <a’sin? 2 <+, and write 
Mr Bt op, 

1On the two sides of the segments of form (33) F(z) is defined by continuity from 
its values in A(a). It is obvious that, for z=(2k+1)zi, F(z) should be taken equal 
to lim fe) a0 lim Edenh 0 if y>0, =a if 4y4=0). This definition by continuity 
S eouiible since ifs z in A(a) tends to a point of a segment (33) then s=g(z) tends 
either to a point of A(A) or to +. 
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i, * —euir sin? ) dy <2 ( ii 7 ame sinh ) dy+ / 2 aur sin®(G ) dy) 
0 7 


0 
The first of the integrals on the right hand is smaller than 7. 


For the second integral we have the immediate estimate: 


/ Die int) dy< v2 i uae aint) d (sin (3) 
0 


7 sin 5) 
1 
_ v2 [ ‘e-tmtdu=0(—=). 
sin 5 : Mr 


It follows thus from (36) that 


1 
b,| =O ; 
iPr eS 
and if r=r(n), that is to say, if up =A, +£ C*), then 


2 
|>rcn -0(==). 


From (31) it follows then that |a,| is bounded (21) 
and our theorem is proved. 


We shall now recall a definition concerning sequences. 
The elements of a sequence {f,} (n21) are said to be 
linearly independent if from each equality of the form 


> re =(), 
1 


where the 4,, are integers, it follows that all these integers 
are equal to zero. 
We are now in a position to prove the following theorem: 


Tueorem XII. Jf f(s) is holomorphic in a region D(d), 


with 0<Xr “fs and tf, for o sufficiently large, 


i(sy= > anes 


“a 
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where os <0, where the sequence {Xn} as such that the se- 
quence renee: of all the X, and unity is composed of linearly 
independent elements, and if there exist a constant aX0 and 
a positive quantity € such that in D(X): 


(37) [f(s) -a| >, 
then |a| >e, and 
(38) |a,| S|a| —e, (n=1). 
Consider the function F(s) = raion If o>o4/ we have 
in D(d): 


f(s) |< 22 [as |e =e" SY [ag |e“, 


and since, obviously, \:#0, we see that lim f(s) =0 uni- 


formly with respect to ¢. This proves that |a| >e, and that 
the function F(s), which is obviously holomorphic and 
bounded in D(A), is also given for o sufficiently large (such 
that >>|a,|e-~"<|a|) by the equality: 


i i au ne = 
Fi ee, oh ding 
iden a—>oan,e-™ a 2X 2 ia 


m 


where the sequence {LZ} of non-negative, increasing quan- 
tities tends to infinity. Since each L;, is of the form 
Ly=Ai+4adet +--+ +A mdm 

where the 4; are integers, we see, by the hypothesis on the 
sequence {,}, that if kixhke, L,,—L,, is not an integer. 
By Theorem XI we see then that there exists a constant 
M <~, such that |C.| <M(k20). On the other hand, it 
is readily seen that the sequence {Z;} contains all the quan- 
tities of the form m\,, where m and n are arbitrary positive 


a" 
integers, and that if Z,=m), then C,= sick Therefore for 


n arbitrary, fixed, and for every positive m we have: 
|an|™ 


|a| + <M, 
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and 


mtt 1 
lan|<|a|™ Mm (m21). 
Hence : 
m-+1 
lag| Sete (lal Me) = (al. 

In this inequality |a| can be replaced by |a|—e, since 
from |f(s)—a|>e in D(A) it follows immediately that, if 
a=|alei*, then, for each 0 <6 <1, 

| f(s) —(|a| — de)et#| >(1—O)e 
in D(A), and therefore, in what precedes |a| can be replaced 
by |a|—6e. That is to say, we have |a,| <|a| —6e, and 
since 6 has only to satisfy the inequality 0<@<1, our theo- 
rem is proved. 

Theorem XII may also be stated as follows: 

Tueorem XIII. If the sequence {dn} satisfies the same 
conditions as in Theorem XII, if f(s) 1s holomorphic in 


¥, 
f(s) = D5 ane with of < 0, and if 
A=1_u. b.ha3], 
1 


n= 


DQ), (0 <i <5) and 1s given for o sufficiently large by 


then the values which f(s) takes when s ¢ D(\) are everywhere 
dense in the circle with radius A around the origin. 
Theorems XI and XII were proved by the author [9]. 
They bear a character analogous to that of the well known 
theorem of Weierstrass by which an entire function takes 
values everywhere dense in the whole plane. A sharper form 
of Theorem XIII was later given by Aronszajn [1,2]. This 
author, on using Theorem XII and the modular function, 
obtained a theorem which is in character analogous to 
Picard’s theorem on entire (or meromorphic) functions, by 
which each such function takes all the possible values 
except at most one finite value (two for meromorphic). 
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Aronszajn’s theorem can be stated in the following manner: 

THEoreM XIV. [f the sequence {n,} satisfies the same con- 
ditions as in Theorem XII, if f(s) is holomorphic in D(X) 
with 0<r <3 and is given for o sufficiently large by Sane 
with ost<, then f(s) takes in D(A) all the possible values 


situated in the circle with radius A=)-|a,| except at most 
1 


the value zero and one other value. 

If a+b then it is known [15] that there exists, in the 
complex plane a function x(w) with the following properties: 
a) x(u) is regular at the origin and is therefore given, in its 
neighborhood, by x(u) =>> 4,u", B) x(u) can be continued 
analytically on each curve which does not pass through a 
or b, the points u=a, u=b being branch points for x(x), 
Y) |x(u)| <1, 4) obviously 

3 1 1 1 
ta BRAVA Male lal, ee 

Suppose now that, contrary to the assertion, f(s) does not 
take two values a, b, such that a~b, a~0, b0, |a| <A, 
|b| <A, and let us consider the function F(s) =x[f(s)], 
. where x(u) is the function defined above. F(s) is holomor- 
_ phic in D(A). Ifo’ is chosen such as to have >| an|e7™” <c, 
we see that >>| 4,,.|( |a,|e7”)™ converges, and therefore 


F(s) is given for o sufficiently large by a Dirichlet series: 
F(s) =U An(f))” 


n! —s(mdu+ + + +-Hnpdip) 
= A + (gy)™- (a, "> ¢ s(mM1 lp 
» + C4), inane ‘My! ; i 


+i 2 ae ag 
which admits an abscissa of absolute convergence. We have 
in D(A): |F(s)| <1. Here, as in the proof of Theorem XII, 
we have L;, —L,, #integer, and, by Theorem XI, we should 
have |c.|<M<o(k21). But, if Li=md,+---+mpX,; 
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| 
then ¢, = ai a ea tie 
M1 ! i ‘My! 


n! m - Mp pas 
(40) mak aos BAG | Tilted 


Let p and i, --- J, be fixed, and let us take p positive 
2 . . 
constants: a4, a2, -:: @» with >, a;=1, and, for each positive 
1 
integer n, let us set m;=E(na;)(1S7Sp—1), mp=n— 


Sein Then, by Stirling’s formula, 
J 


n 


Lim gf or eet 
n=2 Nm,!---m,! 
and by (40): 
(41) 
1 ; 
a, . * Qp—*? | ay, | ae |ai,|°? S i —y f =min(|a|,|5]). 
lim sup|4,|* 


This is seen on putting in (40) » =n; where {n,} is such that 
1 4 : : : , 

lim | 4,,|% =lim sup|4,|, and on making 7 tend to infinity. 

t= 0 

Since we can suppose that the a, are all distinct from zero 

we shall put: 


a | a; | it 
bed NSIS IES 


Then on “(a yr and (41) gives immediately 
|a,|+-+++]a,| Smin (||, |d]), 
and since the /; are arbitrary we shall have 


C) 


dX |4n| Smin (|a], |b|) <4, 


1 
which gives a contradiction. 
Aronszajn proves even more general theorems, consider- 
ing meromorphic functions f(s), and the elementary methods 
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which we just used are susceptible of furnishing results [1] 
which contain as particular cases many theorems of H. 
Bohr [1] concerning almost periodic functions of a complex 
variable. It is not, however, our intention to explore here 
any farther this interesting and important field. 

Obviously Theorem XIV is more precise than Theorem 
XIII, but we thought it useful to prove both, since, although 
Theorem XIV is, likewise Theorem XIII, based on Theorem 
XI, the passage from Theorem XI to Theorem XII or XIII 
is still elementary, whereas the use of the modular function 
is necessary for the passage from Theorem XI to Theorem 
XIV. 

It is of course impossible to have the conclusions of either 
Theorems XI, XII (or XIII) and XIV without specific 


hypotheses on the sequences {X,}. For instance, the prin- 


cipal branch of f,(s) = > (—1)"ne-** is bounded in D(A) with 
1 
an arbitrary (0 <X <5) ox’, =0, and yet the |a,| are not 


bounded. The principal branch of f2(s) = 5S (—1)"e* is 
1 


‘also bounded in D(A), os’2=0, 1. u. b. |a,| =1 and yet the 
values taken by f2(s) not only in D(A) but even in the half- 
plane ¢>0 do not penetrate the part of the circle |u| <1 


with R(x) a 


IV 
FUNDAMENTAL THEOREMS 
ON THE ESTIMATION OF COEFFICIENTS 


If f(s) is given by the series (1), with an abscissa of abso- 
lute convergence ou’ < ©, Theorem IX allows an immediate 
estimation of the coefficients a, by means of numbers by 
which |f(s)| is bounded on a line: ¢=01><a4. 

If M(t, 01) =1. u. b. |f(o. +7t) |, formula (15) gives readily: 


|an|{e—"" <M (to, 01). 

The same estimate still holds if f(s) is holomorphic and 
bounded for ¢ 201, t=, since by Cauchy’s theorem it fol- 
lows immediately from (15) that this formula still holds 
with o; and % just defined (supposing of course that a’ < ~). 

In this chapter we shall show that a very useful estimate 
of the coefficients can be obtained if an estimate of the maxi- 
mum of |f(s)| 1s known in a circle. But this is true only if 
certain conditions bearing on the distribution of the ele- 
ments of {X,} are supposed to be satisfied. The radius of 
such a circle has to be of a certain length which depends, 
again, on the distribution of the \,. As a matter of fact, 
for such an estimate of the coefiicients we shall not even be 
obliged to suppose that the series (1) converges. It will be 
sufhcient to suppose that the series (1) represents f(s) in a 
certain asymptotic manner in a part of the s-plane. Con- 
siderations of this type permit us not only to prove impor- 
tant theorems on the distribution of singularities of a func- 
tion represented by a Dirichlet series as well as theorems 


on the distribution of the values taken by f(s) in certain 
186 


— 
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regions, but they allow us also to prove important theorems 
on quasi-analyticity. These considerations thus allow us to 
form a theory which unites in one principle both theories: 
that of the study of the general properties of a Dirichlet 
series (singularities, theorems of Picard’s type, etc.) and that 
of quasi-analyticity. Although we give here the general 
theorem on the estimation of coefficients, we shall use it 
here only for Dirichlet series: for the other problems re- 
lated to quasi-analyticity we shall refer the reader to our 
paper [11]. 

The number V(x), (x >0), of quantities \, smaller than x, 
will be called the distribution function, or for short, the dis- 
tribution of {X,}. We shall suppose in this chapter that 
u>0. Thus V(x) =0 for xSdx. The quantity 
N(x) 
eee: 
will be called the upper density of {.}. The essential hy- 
pothesis in all the results of this chapter will be that the 
upper density of {Xn} is finite:OSD<. If N(x) =Dx+n(x), 
the function n(x) will be called the excess distribution func- 
tion, or excess distribution of the sequence {d,}. In order to 
characterize the sequence more precisely than by its upper 
density we shall introduce an analytic function, the growth 
of which is closely related to the behavior of the excess 
distribution. 

Let us set 


(42) Maye TT (1 _ +) AS rer 


n=1 


D=lim sup 


This product converges uniformly in each closed region and 
represents therefore an entire function of 2=x+1y=re’. 


. . 
We have aes | A(z) | =A(zr) = TT (1 +53): And, by integra- 


tion by parts, we get 
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2 
log Max | A(z)| =log A(ir) = >) log (1 +33) 


|s| =r 


= fiog (1 +5)av) ae MeO 


From this equality it follows readily that 


(43) 


(44) lim sup = <D. 

We shall set 

(45) ene [ p-# +" Ain) dr. 
0 


From (44) it follows that.A*(u) is defined by (45) for 


u>0O. 
Since we have: 


A(ir) = >> cer?*, 
0 


where the coefficients c, are positive, co=1, we see from 


(45) that 
ey ore oot D-+u)r Seer yp ele = (2k)! cz 
(46) AG) = [ecard = De 


Thus A*(z) is holomorphic and is represented by (46) 
for u complex with |D+x|>D, but we shall only use this 
function for ~>0. It is positive and increases as u decreases 
to zero. From (43) it follows that 


log A(ir) =aDr+2r? | n(x)dx , 


o x(x?+72) 
and (45) gives immediately: 


o 
n(x)dx 


ported 
AX) = fe oD dp. 
0 


Thus, only the function n(x) enters in the definition of 
A*(u), and this is the reason we shall call A*(u) the growth 
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function of the excess distribution (n(x)) of the sequence {d,}. 
Let us also set 


(47) An (n re 8s 


aa shedy bs 
An{A’(An) |? 
(where A’(z) is the derivative of A(z)). If we set 


(48) A;(z) = i) is] ‘? G1) 8%, 
j (eae 
dj 


we see, since A(A;) =0, that 


Ajth;) = lim A@) te SAAD 
s=hj cee 2 
i 
that is to say: 
1 
49 Vie net ania 
bi ZOD 


The sequence {A,} given by (47), or, what amounts to 
the same thing, by (49), shall be called the sequence asso- 
ciated with the sequence {,}. 

Let now {¢,(x)} be a sequence of non-negative continuous 
functions defined for x=0, each of these functions being 
non-decreasing, with ¢,(0) =0, and satisfying, for every n, 
the inequality 

(50) Pn+1(%) =0(¢,(x)), 

as x tends to 0. The function g(x) =g. 1. b. ¢n(x) shall be 


called the envelope of the sequence {yvn(x)}. Since gn(0) =0 for 
n=1 (by ¢,(0) =0 and (50)), we have ¢(0) =0. The func- 
tion v(x) is the limit of non-negative, non-decreasing func- 
tions ¢*(x) = min ¢x(x) tending to g(x) monotonically (de- 


b 
creasing), and therefore the integral i log y(x)dx, where 


0<a<b<.o, has either a finite value or the value — ~. 
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This integral can have the value — @ only if for a certain c 
with a<c, v(x) =0, for0<x<c. A sequence {o,(x)} having 
the properties just described shall be called an asymptotic 
Sequence. 

We shall denote by C(w,R) the open circle |s—w| <R, 
and by S(v, R) the region |¢—7’| <R, o >o’, where 9 =0' +71’. 
The region S(v,R) will be called a horizontal strip of width 
2R. If L is a Jordan arc, we shall call the union of circles 


UC(s’, R) a channel of width 2R. The curve L will be called 
SeL 


the central line of the channel. If v and w are the extremities 
of L and if Ro <R, Ry) <R’, we shall say that the correspond- 
ing channel of width 2Ry connects the circle C(w,R) to the 
horizontal half strip S(v,R’). 

If a function F(s), holomorphic in a horizontal half-strip 
S(v,R), and two sequences {a,} of complex quantities,-and 
{rA,} with O<d; <do, --- lim A, = ©, together with an asymp- 
totic sequence {¢,(x)} satisfy the inequalities: 


|F(s) - p3 ane—=*| <o,(e~), 


where s e S(v, R), with o>o1, and where n =1 (o; independ- 
ent of n), we shall say that > a,e— represents F(s) in 
S(v,R) asymptotically with respect to the sequence {¢,(x)}. 

We shall prove the following fundamental theorem: 

THEOREM XV. Let F(s) be a holomorphic and bounded 
function in a region A composed of a circle C(s,,1rd), of a 
horizontal half-strip S(s2,md2) and of a channel connecting 
them, of width 2md:, (disd, diSdx). Suppose that F(s) is 
represented in S(52,1d2) by Sane’ asymptotically with re- 
spect to an asymptotic sequence {on(x)}, where {r,} is of finite 
upper density D. 

If D<d, and if, on setting w=(2(d2.—D))-! and, on de- 
noting by v(x) the envelope of {¢n(x)} and by A*(u) the growth 
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function of the excess distribution of {An}, one of the following 
conditions I, II is satisfied: 


(I) there exists a positive constant p such that 


(S51) A*(pu*)e(u) =O(1)(u—0) 
(52) lim inf [ log(A*(pu")o(u))ue—'du = — 00, 


(II) there exists a constant w' >w such that 


1 
(53) [ log o(u)w"’ "du = — &, 
then 
(54) |a,| S2rdA*(d—D)M(s:)Ane™, (n= 1), 


where M(s:) 1s the maximum of |F(s)| in C(s1,2d), where 
{An} is the sequence associated with the sequence {An} and 
where o; 15 the real part of 51. 
It should be remarked that (52) can hold only if 
fics o(u)ueidu = — o, 
0 

since the function A*(u) increases as u tends to 0(u>0), 
and [ice A*(pu*)ue—'du > — ©. Therefore the condition (53) 
is ach: more restrictive than the condition (52). 

For the proof of the theorem we need to prove some 
lemmas. 

Lemma III. Jf ®(s) ts holomorphic 1n a circle C(s’ , xc) and 
satisfies there the inequality |®(s)| <M, if A(z) and A,(z) are 
respectively defined by (42) and (48), where the upper density 
of {Xn} satisfies the inequality D<c, then the series 

2 lc SG) 
converges uniformly in every circle C(s’,r(c—D—u)), with 
0<u<c—D, and represents there a holomorphic function ®;(s) 
satisfying the inequality 

| B;(s)| <meMA*(u), 
where A*(u) is the growth function of the excess distribution 


of fr, }. 
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By Cauchy’s theorem we have for se C(s’, n(c-D—u)): 
oa ! b(w)dw a(2k)!Mc' 


[2 ()| S| P Gaal = [ae ED 4+u—c) 


where c’ is any quantity such that c—D—u<c’<c. Thus 
| 
(55) JBM) | 
On the other hand, it is clear from the definition of the 
quantities c, and c,) ((42), (48)), that 0 <c,? <c.(k 20), 
and therefore, by (55) and (46): 
(2k) cx 


| ®,(s) | < dee p2*) (5) | SM 24a) =m7cMA*(u). 
We prove now a well known statement. 
Lemna IV. [f the function F(z) 1s holomorphic and bounded 


in the half-plane x=2a>— © and 1f F(z) 1s not identically 
zero, then, for each b>0, the integral 


iz log] Flatiy)| 4, 


eget -y? 
converges to a finite value. 
F(z+a—4) 


Let us set F(z) = » where WM is such that 


| F(z)| <M in x2a. oie ts holomorphic for 

25 IA@|<1(x25), Ae #0. 
If 0</<1, let us denote by c, the circle 
(56) =l. 


1-—xz 


2 


The point s=1 is inside of every C;, C; itself being inside 


the half-plane x a The center of C; is the point 2, Ley : P? 
l 


its radius is Uther "97> We shall choose only such values 


of / that Fi(z) has no zeros on the circumference C;. There 
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exists obviously an infinity of such / tending increasingly 
to 1, since, if this were not true, the zeros of F,(z) would 


have a limit point in nzs (different from infinity), and 


would be identically zero, contrary to the hypotheses. If 
z=1 is a zero for Fi(z) of order mo, we shall write 
(57) Fi(z) =Bi(z) (2-1) ™(z —21)™- + (Zan), 
where the qa; are the other zeros (of order m;) of Fi(z) in C). 
If-F,(1) <0, mp =0. 

The function ©;(z) is holomorphic in C; (closed), without 
zeros in this closed circle. On putting ~;=2z,—1 = we 
have, by Poisson’s integral formula, and by (56): 


lo J2.(1) | =7- Tog uc + Re eae eae ee 
Ange e R2+2Rpi cos o+P? 


(58) _ 7 xh log|#1(2) [74 Tee! aig flee! bi) st 


But, if we C;, then A=] <i, and : 

(59) 
gee el 'dz| =2n(I-log 1-1 log|a|) =2nl-log|1—al. 
The formulas (57), 8), and (59) give thus immediately: 


Poel Fe) {4 = g (low|a:(2)| +melog|2—1 
+ ya m; log|z— me i a >2rl log| &:(1) | +2rmol log / 
+21 > m;log|1—a;| =27/(mp log J+log|F2(1) |), 
1 


where F;(z) = ite Obviously F.(1) 40. Since 0</<1, 


we see that: 


fioe| OT 2 l>A>- 
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where J is a constant, independent of J. Since |Fi(z)| <1 


in x = 
| dz | 

Poeln@lite 

where L is an arbitrary arc of C;. On the other hand, the 
arbitrary positive quantities 7, « given, there exists a num- 
ber J (0</<1) such that each point of an arc of C; is at a 
distance smaller than ¢« from a point of the segment 


(« => ly|<s 7’, which proves that 


(60) f logli(5+iv)) (aay >A. 
as 


Since (60) holds for each T (4 being fixed), our lemma 
follows then easily. 


>A, 


The next lemma is a corollary of Lemma IV. 
Lemna V. [f the function ®(s) 1s holomorphic and bounded 
in the region R(a,B) defined by 


lt] <5 (1-ae~), 28, 


where 0Sma<2e*, and 1s not identically zero, then 


o+1 cos—e8-* € R(a, B) 


for o>B (here 0 Scos-! e8 " < a and 


(61) [ice @(o +7 cos-! 6 —*) | e-*da > — &, 
8 
If s belongs to the boundary of R(a, 8), and if o>, then 


eg 8 Tw Ta 
cos t= ile) = B—o 
s sin(5 | |) 33 |t| ye <¢8-2, 


and therefore, if cost =e", ¢=B, then s =c+it « R(a, B), 
which is equivalent to the assertion that 
5 =0+1 cos—(e8-*) € R(a, B) 
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for c=8. The curve C, in the 5-plane, on which cos ¢ =¢®-* 
(28), and the region bounded by this curve, in which 


cos t > ¢f—- (14 <p 7>8), are mapped by the transforma- 


tion 2=x+1y=e° into the straight-line x=c®=y and the 
half-plane x >. The function of x, f(z) = (5s), is then, by 
hypothesis, holomorphic and bounded for x=¥, and is not 
identically zero. 

It follows then from Lemma IV that 


if loglf(y+iy) | 
ty) ie 
and from y =e" sint, dy =(e7 sint+e® cotnt)do, as s € C, it 
follows that 

(62) 


[ice | 6(o +icos-te*—*) | (e*sint +e®cotni) 
B44 


dy>—o, 


d 
Bint ia FES aes 
1 +¢e??sin% 
From the obvious relationship 


(e* sin t¢+e%cotnt) (1 +e? sin%t)-! «© e-7, 
rs . Tv 
as s, on C, tends to infinity (« tends then to + « and tto 5) 


and from (62) follows then (61). 

We now proceed to the proof of Theorem XV. 

Let ZL be the central line of the channel connecting 
C(s1, ad) to S(52, mdz), (s2=02+%t2), and belonging to A. 
Let F(s) = © (—1)*e.9 FO (s), where the c,“? are given by 
(48). By the hypotheses of the theorem and by Lemma III, 
F;(s) is holomorphic in each of the circles C(s1, r(d -D—u)), 
C(s’, r(d, -D —u))(s’ € L), C(o +itr, r(di —D —u)) (92 <0 Sor 
4+2d2), C(o+ite, t(d2—-D—u))(o >02+7d2), where u is such 
that 0<u<d,—D. 

We have by the same Lemma III: 


| Fi(s1) | <dM(s1)A*(u), 
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where u is such that 0<u<d—D. Therefore, since A*(w) 
is continuous for u>0: 


(63) | F;(s1) | SwdM(s,)A*(d—D). 
Let us now write 
(64) ®,(s) =F(s) — 3 Ame ™. 


By hypotheses, there exists a number o’ such that 
®,(s5)(n21) is holomorphic in every circle C(¢+1t2, mds) 
with ¢ =o’, and in every such circle: 

(65) |@.(s)| Sen(e***), (n 21), 
(o’ is independent of 7). 
It follows then from Lemma III that the function 


Bp, 3(5) = Dy (—1) 8, Pb, (5) = Do —1) Pe PFO (5) = 
n=0 k 
(66) >) (=yby ean) > | Nid ge et ae Bat) 
k m=1 


Di ame Dy (= 1) 4p ON =F (5) — DO amAi(Ame*s 
m=1 n m=1 
is holomorphic in every circle C(¢+it:, r(d: -D—u)), ¢=0' 
with 0<u<d,—D, and in this circle: 
(67) |B, 3(s) | Smdapn(e77*™*) A*(u), 
Since Aj(Am) =O for m#j7, we see that for n2=j: 


X AmA;(Am)e >> =a;A;(Aj)e—™, 


and we may write, for n=j7 (by (66) and (67)): 

(68) ®,, (5) =W,(s) =F (5) —a Ase’, 

(69) | i(s)| Sadipn(e-" **) A*(u) 

(s=o+it, |t—b| Sr(d,-D—u), 0<u<d:—D, o>o’, 7 Sn). 
From ¢n41(«) =0(¢n(x))(x—0) it follows that for o suf- 

ficiently large and 7 fixed g,(e7°+**) >9,(e7"+**), 1 <k <j. 

Therefore there exists a quantity o* independent of n such 

that (69) holds for |t—t:| <+(dz—D—x), ¢ 20*, 0 <u <d,—D 

n21. We have hence, for the same values of s, 


> 


Fundamental Estimation Theorems 197 
(70) | Y5(s) | SmdsA*(u)g. 1. b. on(e72 tras) 
=nd:A*(u)o (eet), 


We shall now prove that W,(s) is identically zero. For 
that purpose we shall consider the function 


6;(y3 5) =W; (Z+in), 
where v2w. It follows from (70) that, in the region 
|t| S4r(dx—D—u) =? ( -2n), 7 200% 
with 0 <u <d,—D, the following inequality holds: 
| (71) | 0;(v3 5) | Swd.A*(u)o(e-st*), 


Let g be an arbitrary positive quantity and let us set 


a@=a(q) =2qwe"**, 8B =B(g) >max (v0*, log *). We have 


then B>vo*, 2e8>aza>0. Since in (71) uw can be taken 
arbitrarily from the interval (0, d.—D), we set for c=B: 
7g! 1 Q@ 
Qa Qv* 2ve* 
*satisfied, since y>w and 1—ae~*>0. It follows from (71) 
that 6;(v; s) is holomorphic in the region R(a, 8) given by 


u The condition 0<u<d,—D =5 is then 
@ 


jz| = (1—ae-"), c=, and satisfies there the inequality: 


i 
2v 
This inequality shows first that, if y >a, 6;(v; 5) is bounded 

in R(a, 8). Indeed, as co, the right member of (72) 


) (0) chet Bae iP Grob eere BT) ot 


(72) | 6;(93 5) | <1d.A* (- +2qe™~) Me (e-, ta), 


Lodi 

* — i ——— 

tends to rd,A Ge > 
the condition (I) of the theorem is satisfied, then 6;(w; 5) is 
also bounded in R(a, 8) provided that in the definition of 


a and £, given above, q takes the value p involved in (51). 
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Indeed, by (72), we have, in the region R(a, 8) so defined 
(a=a(p), B=B(p)): 
(73) | O;(w; 5) | <ad.A* (pe°G-*)) re) (G-*)), 


and by (51) we see that | 6;(w; s)| <N < © in R(a, 8). Thus 
we have proved that 0,(v; 5) is bounded in R(a(q), B(q)) with 
q>0, arbitrary, and that 6(w; s) is bounded in R(a(9), 8(p)). 
If W;(s) were not identically zero, 6;(v; 5) would be not identi- 
cally zero for » arbitrary, and, by Lemma V we would have: 


(74) [iog| 6;(¥; 0 +1 cos—1¢8-*) | e-"da > — &, 
¥ | 


with 6 =£6(1), if y>w, and with B=£(p), if y=w. From (74) 
and (72), both with y>w, g=1, it follows that for k>0 suf- 
ficiently large: 


logA* ( _ 5) e* + [log o(e-st*®) eed 


(75) y 
ce 1 I Og g 
* —- rdw —o ——-+t1d2 ne on 
z | loe| a Ga-at3 ete ) | da>—. 


If condition (II) is satisfied, and if we choose v=w’, we 
shall have by (75), on putting e~yt™® =u: 
[ice g(u)u*—'du> — © (K constant >0), 
which is in contradiction with (53). Thus if condition (II) 
is satisfied, V;(s) =0. 
From (74) and (73) it follows, on putting e~st+™ =u, that 


1 
lim inf / lopTA*(bale Vela) lem te ons 
t= t 


which is in contradiction with (52). Thus if condition (I) 
is satisfied we still have Y,(s) =0. In other words: if the 
conditions of the theorem are satisfied we have 
(76) Fy(s) =ajAjje. 

It follows then from (63) that 
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(77) | a;A;(;) |e" <SdM(s,)A*(d—D), 
which is equivalent to (54). Theorem XV is then completely 
proved. 

The following lemma will allow us to consider Dirichlet 
series with an abscissa of absolute convergence (0,4 < «) as 
representing the principal branch of the function represented 
by this series, asymptotically with respect to a simple asymp- 
totic sequence ¢,(x), for which both conditions (I) and (II) 
of Theorern XV are automatically satisfied. 

Lemna VI. If Sane has an abscissa of absolute conver- 
gence o1<~, then the principal branch of the function F(s) 
represented by this series is represented asymptotically by this 
‘Series with respect to the asymptotic sequence 

Pn(x) =A(a’)er"x, A(o’) =d|an|e™”, o/ >on, 
in each horizontal half-strip S(v, R) with v=0,+it, 0120’ >a, 
t, and R arbitrary. 
We have indeed for ¢>0’: 


n © = 
[F(s) — >> ame | 5 > [aml em? =e" D> | ag | oO 2 
m=1 nti n+1 


<se7 mer > | am Om —rn)o” = [> | am | e— Om" |g dno 
n+l m=1 


=A(o')en"e—™", 

Theorem XV together with Lemma VI gives immediately 
the following theorem. 

THEOREM XVI. Let F(s) be holomorphic in a region com- 
posed of a circle C(s1, rd), of the half-plane o >a and of a 
channel of width 2d,, the central line of which has one ex- 
tremity in the half-plane o>0oo, the other extremity being the 
point 51. Let F(s) be given for o> by 


Fs) =>) 4007", 
the upper density of {rn} being D. If D<diSd then 
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(78) |a,| <2adA*(d —D)M (si) Ane, 
where A*, M(s51), Any 01 have the same meaning as 1n Theorem 
2 

Since D < ~, we see, by Theorem VII, that o4 Sav< ~, 
and by Lemma VI, F(s) is represented asymptotically in| 
S(s2, mde), with 52=¢2-+%te, o220' >o4", d,=d, by Dane 
with respect to {¢,(«)}, where ¢,(%) =A(o’)e™’x. But ob- 
viously (x) = g. 1. b. n(x) =O for x<e~”, and_ therefore 


both conditions (I) and (II), each of which is sufficient for 
the conclusion of Theorem XV, are satisfied. The conclu- 
sion of Theorem XVI, which is that of Theorem XV, is 
therefore satisfied. 

We have seen that Theorem XVI follows immediately 
from Theorem XV, but Theorem XVI can be proved much 
more simply than Theorem XV itself. 

In order to prove Theorem XVI directly it is sufficient, 
after having proved Lemmas III and VI (Lemmas IV and 
V are here unnecessary), to proceed with the proof exactly 
as for Theorem XV, with ¢,(x) =A(o’)e"x™, until the in- 
equality (69) is established. From this inequality it follows 
immediately that: 

(69’) | Yi(s)| Sad,A*(u) g. 1. b. gn(e-7 1) =0, 
jan 


for ¢>md,+o’. This gives then (76) and (77). In other 
words, all the reasoning which is extended from the inequal- 
ity (69) to the equality (76) is replaced by the establishment 
of (69’) as an immediate consequence of (69). 


The theorems of this chapter were established by the 
author [11]. 


V 


ESTIMATION OF THE SEQUENCE ASSOCIATED 
WITH THE SEQUENCE OF EXPONENTS 


Both Theorems XV and XVI can be used with more pre- 
cision if an estimate of the growth of the sequence {A,} 
can be given in relation to the growth of the sequence {\,}. 

We shall thus prove the following two theorems. 

TuHeorEeM XVII. [Jf the upper density of the sequence {r,} 
is D, and if 
(79) lim inf (An41—A,) =A >0, 


then to every €>O there corresponds a quantity A(e) such that, 
on denoting by {A,} the sequence associated with {r,}, we have 
(80) A, SA(e)eBO +0, (1 >1), 

where 


B(D, h) =3D(3 —log(hD)) (with B(O, h) =lim B(D, h) =0). 


~ Remark. It is obvious from the definition of D and h 
that DA S1. 
TueoreM XVIII. If the upper density of the sequence 
{r,} is finite, and if there exists a finite positive quantity p 
such that for n sufficiently large: 


(81) An —X, riba 
then to every «>O there corresponds a quantity A(e) such that 
(82) A, <A(oe"™, (n=1). 


Theorem XVII is an immediate consequence of a theorem 
of A. Ostrowski [16], (here Lemma VII) for which we give 
the proof given by V. Bernstein [3]. Theorem XVIII is a 
simple consequence of a classical theorem of Borel [19] on 


canonical products (here Lemma VIII). 
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Lemna VII. If the relationship (79) holds, the entire func- 
tion A(z) given by (42) has the following property: to e’ >0 and 
q>0 arbitrary, there corresponds a quantity R(e’, gq) such that, 
on denoting by D the upper density of {An}; 

| A(z) | >e~ GO. H+) I4I, 


for each x satisfying the set of inequalities |x| >R(e’, 9), 


|z Fan] >g (w21). 
From (79) and from the relationship Dh S1 it follows that 


Dsp<e. 


Let w be an arbitrary quantity such that 0<w<h. For 
n>n1=M1(w) we have Anii—An >h—w. For x>0, let us set 


aN 
t=. Let us also set Hn =F and suppose that 
i re 


h 
O0<q pe 2 If |z+\,| 2g, and if A\,1S%”S),.(2 =x+1y), 
then, for x >2,+1 with 2,+2<m: 
eres hry 
1AG)| 2m Nz? 
ae ( 8) m—2 2 ee) 2 
< 
(83) a i Vow atx pXa ILwce 2 — x? 
= ) 
<A 2 1 + >}, 
Teall + axaqee 


since the product extended from 1 to m is bounded when. 


*>XAm-a, With m>m1+2, the quantity which bounds it de- 
pending on m, that is to say, on w. If n>mn, we have 


m—n 
Mn4i—Mn >1; let us set A, =1. u. b. : 
men Man 


. It is readily seen 


that A, tends decreasingly to lim sup aes =A=(h—-w)D. 


We have therefore: 
m—2 Me p m—2 Len < usrs <( Mm—2€ ) m—n,—2 


at pe at Ep (m— —m,—2)!~ \m—m —2 
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m —n —2 m—nm —2 g 
(84) ( Mm—2€ ) Hm—2 = Mm—2€ m2 ; 
m—n,—2 m—n,—2 


Wehaye = 
mM —Ny —2 yaa 


F ‘ 1 
. Since the maximum of x= (« >0) 


4 : i post 
Is at x =e, we see that, if A<-, then, for m sufficiently large 
e 


m—ny —2 
s 2 m— Am— 
(in order that A,,_» es ; pad mee th ROY i : and 
e} \m—n,—2 rey ees] : ‘ 

, m —n —2 

z . ay 1 

eee AS then {ee |) See. 
e m—n,—2 


In the first case, (4. <1); we get from (84): 


m—2 2 Am—2& € = 
ee en 


m1 —2?—p? a ae 
1 
In the second case, (4.222): 
e 


TT te xe Gtens)e, 
mata So 
Hence, since A =(h—w)D <1, and A,,_» <1 for m sufficiently 
~ large, we may write (for m large): 
; (G+4m2)e < ehm22—logAm—s) 
Therefore, in each case, for m sufficiently large: 


(85) 


a < phm—2(2 —logAm—2)é 
mii &? =e ane 

Let us now estimate the product in (83) extended from 
m+1to o. Let pu, be the largest u, smaller than 2¢, if 


2&>pmv, and let k=m if 2&Spmy. Let us set E(£)+1=6, 
E(2A;,£) =at. We have af 22AEZ2—™ ak—m, 

k 
We have!: 


: k 
- -11f k=mthe product IL should be replaced by unity. 
: m+1 


Fee 
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00 =I (+g pare) <i (143°) 
ADCO Pe 


v=1 


(1+2) z aaa 2x LT ARE 
(B const.). 


By definition, a<2A,. If therefore we suppose A; wes, we 


2 
shall have: 
OS SCe eet 5 7 rawlt (C const.). 
The expression 2a—a log a increases as @ increases from 
0 to e, thus, if a<2A,S1: 
(86) Q(t) < Celts —2Aglog(2.A%) + = 7 AWE < Cie (TAe—2Aalogan) 


We have, on the other hand, Pe € sufficiently large: 


o® < TI (+8) sit (1+ (42) 


n=m-+1 Mn(n m) 
_sin(wiéV/A,,) <,tViFie 
“ARAL = 


Thus, if w is sufficiently small, that is to say if m, and 
thus if m, is large, that is to say if & is sufficiently large, 
Q(é) satisfies (86) also if 2A,>1. In all cases we have there- 
fore, by (83), (85), and (86), for x sufficiently large (x >x.), 
with w fixed arbitrarily small (|z—2,| =): 

. shay. < e(A(2 log) +A(7 —2 log A) +w)é 
| A(z) | ~ 


= (94-34 log A+u)-*— __ ,3D(3 —log(D(h 0) et Sox 


< ¢3PG —logiD(h —w)])|s| +-—|s 


This proves that the desired inequality holds (since A(z) 
is even) if z is in the described region with the supplementary 


a pit ae he! 
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condition |x|2a(e’). But if |x| <c, \m<cSma1, with z 
satisfying the conditions of the lemma, then for n>m-+2: 
2 ts ND) egraig 
[AZ —22| ~ 2 —x? = 2 —¢2 
This proves that in the region described in the lemma, with 
the supplementary condition |x| <c: 


1 ie K m+1 a 
| A(z) | ~ it 2 = 22)” 


where K =K(c) is a constant. This achieves obviously the 
proof of Lemma VII. 

The proof of Theorem XVII is now immediate. On 
choosing g </, we see, by Lemma VII, that for n sufficiently 
large, in the closed circle C(A,, g) (since this circle contains 
no Ax with kn) the following inequality holds 


Z—Xn [B(D, h) +e10\n+0) 
A(z) Ed ; 
1 . Z —A r 
= oe = lim | 22] Se BO. 4+100+0) 
Po. te Aho) bweks | ACEP 


which proves Theorem XVII. 

Lemma VIII. Let P(z) be a canonical product with zeros 
at the points {pn}, the exponent of convergence of {|pn|} being 
pi: To each couple of two constants h>pi, e’>0, there cor- 
responds a quantity R(h,¢’) such that, if |z—pal >pa-*, 
(n=1), |z| >R(h, €’), the following inequality holds: 


pite 
PPGyE>2-* 

This is a classical theorem of Borel, for the proof of which 
we refer the reader to Valiron’s book on entire functions 
[19]. One of the reasons we do not give its proof here is 
the fact that it serves here only for the proof of Theorem 
XVIII which, though interesting in itself, will not be used 
during these lectures. 


E 1 1 
1That is to say, if e>0: ans 2, mo eT as 
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Let us now proceed with the proof of Theorem XVIII. 
On setting ~,=n2, we see, since the upper density of {Xn} 
is finite, that there exists a constant \ >0, such that 9, >An?, 
and the exponent of convergence of {7,} is thus not larger 
than 4. By Lemma VIII, in the region outside the circles 


ite 


C(pny Pn"), with ies we have 
(87) >e7lsl 5 


hh te 
Ase! 
ifs BG) re 


Let us set vy =max (2, pw). Since for 2 >) Angi —An >An’> 


we have for n>mo+1: Pasi —Pn > (Angi tAn)An” +p, 7 and 
Pn—Pa-r RUGS ee asl pap In other words, the closed 
circles C(,,; bn?) contain no ~; with kn. By (87) we 
shall then have on the circle C(,, oa. for n large: 


ce) 2 1 Nae 1+3¢' 
4 
I ( Pr 


ea 
~ Gath 2 > e—Cbn) >e7™ 
On the circumference of this circle we have then 


C—Da 1-» 5a, 
ey 2 
Il (1 =x) =p. * 
R=1 Px 
We have thus for n>n(e’): 
: C—Dn 2 —d2 P 
im |_——"— im }|————| _ ug Gide 
k 


which proves Theorem XVIII. 

In the inequalities (54) or (78) the quantities A, can be 
replaced by the right-hand expression of the inequality (80), 
if the \,, satisfy the relationship (79) (in addition, of course, 
to the relationships required by Theorems XV or XVI), 
and by the right-hand expression of the inequality (82), if 
the d, satisfy the supplementary condition (81). 


VI 


THEOREMS OF LIOUVILLE AND PICARD TYPE 
IN A CURVILINEAR STRIP 


The considerations of the preceding chapter allow an ex- 
tensive study of the behavior of a function represented by 
a Dirichlet series, or even, more generally, of a function 
represented asymptotically with respect to an asymptotic 
sequence in a strip, or in a channel of which the width 
depends on the upper density of the exponents. Theorems 
XV and XVI will play in our study the same réle as is played 
in the study of general analytic functions by the well known 
estimate of Cauchy: 


Jan] <Fo 


where f(z) =Scan2", |f(z)| <M, (where R is smaller than the 
radius of convergence of the Taylor series). The results 
obtained by these theorems are, in nature, much more 
general than the classical theorems, even if only Taylor 
series are involved, especially when “gap series” are studied. 
One of the simplest results is that which generalizes the 
famous theorem of Liouville. 

Let us first give the following definition. 

Suppose that s(w) =o(u)+it(u) is a continuous complex 
function of the real variable u(— 0 <u<). Let us sup- 
pose that for u>wo: t(u) =t (constant), and that o(u)>— © 
as u>— ~~; let also R be a positive quantity. The region 


ide 7 ae (s(x), R) = VY cGm) R) 


(the union of the open circles of radius R and center s(x) 
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as u takes all real values) shall be called a curvilinear strip 
of width 2R, horizontal at the right and extending to — © 
at the left. The curve composed of the points of which the 
affixes are given by s(u) shall be called the central line of 
the strip. By definition each strip contains a horizontal 
half-strip. 

THEOREM XIX. (a) If F(s) is a holomorphic and bounded 
function in a curvilinear strip >> of width 2xa horizontal at 
the right and extending to — © at the left, (b) tf in the hort- 
zontal half-strip, contained in dX, F(s) is represented by 
Dane asymptotically with respect to an asymptotic sequence 
{o,(x)}, (c) if, on denoting by D the upper density of {dn}, 
D <a, (d) and if, on denoting by (x) the envelope of {en(x)}, 
by A*(u) the growth function of the excess distribution of 
{rn}, and by w the quantity ea one of the following 
conditions holds: 

(1) there extsts a positive constant p such that 


A*(pu*)o(u) =O (1) 
1 
fa ie ‘) be (A* Cou Ve tn ues eras eee 
t=0+ Jt 
(Il) there exists a constant w' >w such that 


1 
I log g(u)u*—*du = — o, 
0 


then a, =0;(n 21). 

It follows indeed from Theorem XV that the inequality 
(54) is satisfied for every n=1 with o; negative numerically 
arbitrarily large. Thus, on fixing » in (54) and on making | 
o, tend to — we see that a,=0 (n21). 

From this theorem, by means of Lemma VI, or directly 
from Theorem XVI (in the same manner as Theorem XIX 
follows from Theorem XV) follows the next theorem which 
concerns converging Dirichlet series. 
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TuHrorem XX. If F(s) is holomorphic and bounded in a 
curvilinear strip of width 2a horizontal at the right and ex- 
tending to — « at the left, and if this function 1s represented, 
for o sufficiently large, by the series Sane, the upper 
density of {rn} satisfying the inequality D<a, then F(s) ts 
identically zero. 

Indeed a,=O(n21), and, since F(s) =i a,e~", we see 
that F(s) =0. 

It should be remarked that from the hypotheses of Theo- 
rem XIX it also follows that F(s) =0 [11]. 

Each theorem which follows, and which is stated for con- 
verging Dirichlet series, is also true for series represented 
asymptotically with respect to an asymptotic sequence. We 
shall, however, not give those longer statements, since the 
reader will be able to form such statements, and to prove 
them by starting from Theorems XV or XIX in the same 
way as we do in starting from theorems on Dirichlet series 
and on basing ourselves on Theorems XVI or XX. We did, 
however, state Theorem XIX because it plays a very im- 
portant role in the theory of quasi-analyticity (see [11]), 
’ and it could not be replaced, for that purpose, by the weaker 
theorems bearing on Dirichlet series. Theorem XIX can be 
considered as a far-going generalization of a theorem which 
gives a sufficient condition for the solution of a classical 
problem of Watson (see [11, 13}). 

We shall suppose all through the remaining part of this 
course of lectures that the envisaged Dirichlet series have an 
abscissa of convergence oc not equal to ~:0¢<. We shall 
also denote systematically by D the upper density of {An}. 


An expression of the form > ane (0 <A1 <Aa- + *Am) shall 
n=1 


be called a Dirichlet polynomial of degree },,. 
Theorem XX can be generalized in the following manner: 
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TuroremM XXI. If F(s) is holomorphic in a curvilinear 
strip > of width 2xa, horizontal at the right and extending to 
—o at the left, if, for o sufficiently large, F(s) =)a,e— with 
D<a, and if there exists a constant ¢ such that \m Sc <n 
and such that ind, e*|F(s)| <M < ~, then F(s) 1s a Dirichlet | 
polynomial of degree Xm. 


It follows from the definition of ¢ that (Sane ej 1S 


n=1 
bounded in each half-plane o So’ (o’ arbitrary), and from 
the hypotheses of the theorem it follows then that the func- 
tion 
Fi(s) =(F(s) — Diane )ers 
n=1 
is holomorphic and bounded in 2, since, as is readily seen, 


for o >ac", (>> dne~™) eis also bounded. On the other hand, 
m-+1 


for o>oc": 
o 2 
F (5) 3) G.0 = ae 
m-+-1 i 


with pn =Amin —¢€ >O (n 21). The function F;(s) satisfies the 
conditions of Theorem XX (in which F(s) is replaced by 
F,(s)) and therefore F,(s) =0, which proves that 


F(s)= Yo ane Seki 


TuHeoreM XXII. If F(s) is not a Dirichlet polynomial but 
15 holomorphic in the part of the strip 2 =X (s(u), wa) horizontal 
at the right and extending to — ~ at the left, for which ¢ =a», 
and tf, in this part of the strip, F(s) = XO ane~’, with D <a, 
then the analytic continuation of F(s) through = satisfies one 
of the three conditions : 

a) F(s) admits in ® at least one singularity. 

b) For each positive constant c, e”|F(s)| tends to © aso 
tends to — ©, uniformly with respect to t, s=a+it belonging 
to the strip Z(s(u), r(a—e)), where e>O is arbitrary. 
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c) F(s) takes ind each value, except at most one, infinitely 
many times. 

The proof of this theorem depends on certain facts of the 
theory of normal families of functions. 

Lemma IX. Let f(z, u) represent a holomorphic function 
of 2 1m the circle |x| <1 for each value of u varying in an in- 
terval [a, ©). If the family composed of all the functions 
f(z, “) 15 normal in |z| <1, and if, on denoting by M(u, a) 
the maximum of |f(z,u)| in |z| <1—a, where a is a fixed 
quantity (0<a<1), we have 


(88) lim M(u, a) = 0, 
then 
(89) lim f(z, u) = @, 


uniformly in every circle |z| <1—6 (0<6<1). 

Suppose that the statement is not true. There exists then 
a quantity 0<6,<1 such that for a suitable sequence {u,} 
with u;— ©, a sequence {z;} with |z,| <1—6:, and a con- 
stant M < « the inequality |f(z:, ui)| <<M<o holds. But, 
since the family composed of the functions f(z, u) is normal 
in |z| <1, it is possible to extract from the sequence 
{f(z, u:)} a subsequence {f(z, u;,)} which tends, in each cir- 
cle |z| <1—7, (0<7<1), uniformly either to a holomorphic 
function or to infinity. If we choose 7 <min (a, 61) we see 
a contradiction, since by (88) this subsequence cannot tend 
to a holomorphic function in |z| <1—7, and from 


[f(z us)| <M < 


it follows that the limit cannot be infinity. 
Lemma X. [12] Let f(z, u) be a holomorphic function of 
z in |z| <1, for each ue [0, ©). If in each circle 


|z| <1-8 (0<6<1), Jim f@, U) = © 
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uniformly, then there exists a positive function of 5:4(5) < © 
such that 
1 log f(z, ut) | 
— < 8a << A(8), 
” AG “log| fle, w)| <7 
for each couple of values m, % with |u| <1—6, |x| s1—6 
and for u sufficiently large (u>u(6)). 


6 
For u sufficiently large, u >, | f(z, u)| >1 for |z| $1 —3: 


The family of harmonic functions of the variables (x, y), 
(z=*-+1y), : | 
og| f(z, u 

Pou) “Topi u)/’ 
where |¢| $1—6, u>wuo (¢ and u are considered as parame- 
ters, each of which, when fixed, defines one of the functions 
of the family) is normal, since P;,.(x, y)>0 [15]. But on 
setting ¢=x-+7n, we have 


Py. u(x 0) = _ log | f(g, «) | _ 


log| f(g, )| 
Here no subsequence extracted from a sequence of the fam- 
ily can tend, in |z| <1—4, uniformly to infinity. In other 


words, each such subsequence is bounded in such a circle. 
This proves that the whole family is bounded in |z| <1 —76. 


(This last statement is seen immediately, since, if the con- 
trary were true, we should have a contradiction with the 
statement that each subsequence is bounded.) We have 
thus proved that 
ee <A(6) (| $1—8, |f| $1—8). 

On interchanging, in this inequality, z and ¢, and on put- 
ting =z, {=x these inequalities give (90). 

Let us now proceed to the proof of Theorem XXII. Sup- 
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pose that a) does not hold. We shall then have, by Theorem 
XVI, on setting D <a’ <a: 


(91) |a,| <2ma’A*(a’ —D)M(s(u)) Ane", 
for each u ¢€(— «, «), where 


M(s(u))= Max FOI. : 


se C(s(u). xa 
Since F(s) is not a Dirichlet polynomial, there exists an in- 
finite sequence {7;,} such that a,, 0. On fixing n,;, we see 
from (91) that, if 0<c<yh,,: 
| ay, | ee Ando) 
Ira’A*(a’ —D)An, 
The left-hand expression tends (n,; fixed) to infinity, as 
_u (and o(u)) tends to — «©. Thus M(s(u))e" + © as 
u——o, for each c>0. Let us set 
f(z, u) =F (s(—u) +72). 
The functions f(z, ~) are holomorphic in |z| <1, and, on 


/ 
. a . . 
putting a=1 —7> We see by the remarks just made that, if 


<M (s(u))e™, 


M(u, a) =Max |f(z, u)|, (|z| S1—a), then, for each c>0: 
(92) lim e"(— M(u, a) = @. 


Let us now suppose that c) does not hold either. Then 
the family of functions f(z, ~) is normal in |z| <1, and we 
shall have, by Lemma IX, lim f(z, u) = , in every circle 


|z| s<1—6 (0<5<1). By Lemma X, (90) holds for each o 
with 0<8<1, 2%, 2. being chosen arbitrarily in the circle 
|z| 51-6. Let us set 6<a. From (92) it follows that to 
each u there corresponds a quantity %,, |z,| Sl1—a<1—6, 
such that for c arbitrary: 

lim (A,co(—u) +log|f(z., “) |) =~, 


~ (%,1ssuchthat bee |f(z,u) | =M(u, a), z,is thusindependent 
. z| S1—ea 
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e 
of c). Since c is arbitrary we have also 


lim Qvack(w)o(—u) eae u)|)=, 
where &(u) is any function such that Ww <k(u) <A(5). It 


follows then from (90), in which we set 21 =Zu, 22 =%, that, for | 
|z| s1—6: 
lim (A,.co(—u) +log|f(z, u)|) = 2, 


that is to say, that, for |s’| <ra(1—6): 
lim e(- F(s(—u) +5’) = . 


On choosing ==, this condition is equivalent to b). We 


have thus proved that if neither a) nor c) holds, then b) 
must hold, and the theorem is proved. 

Theorem XXII was proved by the author [10]. In a 
weaker form it was proved in an earlier paper written in 
common with G. Gergen [14]. In this paper the authors 


considered strips of width 27a with a>t, where 


h =lim inf (Naya —Aa). 


The Theorem XXII is more general since hD<1. On the 
other hand, it was supposed in this paper that og = — ©, 
and naturally the condition a) is eliminated a priori. 

The question still remains open, whether or not the con- 
dition b) can really occur in the general case. We shall see, 
however, in the next chapter that, in a horizontal strip of 
which the width is determined by certain other considera- 
tions the condition b) certainly does not occur. 

Remark. In the proof of Theorem XXII we have rea- 
soned in the following fashion: on assuming the conditions 
of the theorem satisfied we have proved that if a) and c). 
do not hold, then the family of functions 
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f(z, u) =F (s( —u) +2az) 


considered as functions of z in |z| <1 is normal and from 
that follows that b) must hold (by Lemmas IX and X). 
In other words, with the hypotheses of Theorem XXII one 
of the three following conditions is satisfied: a), b) or c’), 
which amounts to the property that the family of functions 
F(s(—u)+7az) (with the parameter ue (— ©, ~)) is not 
normal in |z| <1. But then this family admits in the unit 
circle an irregular point [15], that is to say, a point 
Zo(|%0| <1) such that in each neighborhood of this point 
the family is not normal and therefore in each such neigh- 
borhood of x this family takes infinitely many times each 
_ value except at most one. 

This remark will be useful in the next chapter. 


VII 


ENTIRE FUNCTIONS 
REPRESENTED BY DIRICHLET SERIES 


We shall suppose in this chapter that o¢ = — ~, in other 
words, that the series (1) converges for each value of s. 
It represents then an entire function F(s), that is to say, a 
function holomorphic in the whole plane. Since D< ~, we 
have also o4 = — ©, and the function is bounded on each 
straight line ¢ =o1. 

Let us set 

M(c) =1. u. b. | F(o +72) |. 
—ax<i<co 


J. Ritt [18] has introduced the notion of an order of an 
entire function represented by a Dirichlet series, which is 
different from the order of this function, when it is consid- 
ered independently of the fact that it is given by a Dirichlet 
series. M(c) being given as above, the quantity 

(93) p=lim sup Rea 


c=>—om 


shall be called the order (R) of F(s). The order (R) of F(s) 
is not to be confused with the order of F(s) when it is con- 
sidered merely as a function of s, without taking into special 
account the fact that it is given by a Dirichlet series. The 
order of F(s) is, as is well known, the quantity 


5=lim sup meee 


where M,(r) = Mane (s)|. For instance, if F(s) =e-* then 


b 


loge a=log(log a). 
216 
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p=0, 6=1. Obviously if the order (R) of Nane-” is p, then 
p is the order (in the classical sense, 5) of a,z". The fol- 
lowing theorem is due to Ritt [18]: 

THEOREM XXIII. Jf F(s) =Ya,e—, with 
oa? = — ©, lim inf 
n= og n 


then a necessary and sufficient condition for F(s) to be of order 
(R) equal to p is that 


log|an| _ 
094) popiey P dn log An 


(with —2 —o if p=0). 
Let F(s) be of a finite order (R) equal to p. Since for 


each oc: 


ob Eee 


=e 
ry 


|an| SAM(c)e, 
and since, 6;>0 given, we have, by (93) for —o sufficiently 
large: 
log M(c) <e-@te, 
we see that, for —o sufficiently large: 
log|a,| Slog M(c) +rno <e-° FT)" 4,0. 
Since the right-hand expression in this inequality takes 
its minimum at 
An 
p+6r 
which tends to —« as tends to , we see that, for n 
sufficiently large: 
log|a,| S min | (ete +),0) 


r we 
_d»_(4_] 
p+o (1 ‘gee 4 


which gives immediately : 


o = —(p+6;)— log 


log|an] <1 
lim sup X, log An pb, 
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and since 6, is positive, arbitrary, it could be dropped in 
this inequality, that is to say: 
loglan| —_1 
(95) lim SUP SF MS We TW 
If, on the other band: this inequality holds with p< o, 
then to each 6,>0 there corresponds a quantity B(6,) such 


_ : AnlogAn ben Ane 
that |a,| <B(i)e ora" "= B(d)A, oF, and 
An 
Mc) = 3S |an|e—" < B( 6:1) Ds An Pra ern7 


(96 ed i 
) <B(8,) Max e725 108 7 pada log mn Where 
n21 
e rs - AUIS 
(op +61)(p +261) n=O log n 


hn >b log n (b>0, n=1) and 
Sie Plows < Sy enh log m1 2108 < oo, 
Thus, a (96), for —o sufficiently large: 
Mc) S$C(8;) Max 2 pT ICE nin 


xlogx o 
<C(d:) Max “+24 =C(5,) e 8 e-C4B), 


where k= = oF Thus for —o large: 
log M(e) Slog C(41) ~(b-+20)e~ G4) <.-G)- 
ae ¢ eT Se. 
and 
lim sup log»M(c) <p+3 63. 
o=—0 —=¢ 


But since 6,>0 is arbitrary: 
(97) lim sup logs M(a) = 
c=>-—0 —— iF 
We have thus proved that from (95) with p< follows 
(97) and from (97) with p < follows (95). This is obviously 
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equivalent to our statement (even in the case where pric). 

We shall now introduce the notion of an order in a hori- 
zontal strip. Let S(R) be a horizontal strip of width 2R 
that is to say, the set of points s with |t—f| <R, where t, 
is fixed. If F(s) is holomorphic in S(R) (S(R) closed) we 


shall set for each oc: 
Ms(c) = Max |F(o+it)|, 
|t—-to| SR 
and the quantity: 
lim sup log»Ms(¢) =ps 
c=—2 oat 3 
shall be called the order of F(s) in the strip S. 
We shall prove the following theorem: 
THEOREM XXIV. Jf F(s) =Xane, with 
ack = — «, lim inf (Any: —A,) > 0, 
and tf the order (R) of F(s) 1s positive, then the order of F(s) 
in each horizontal strip S(ra), with a>D, is equal to the order 
(R) of F(s). 
It follows from the hypotheses on {X,} that 
Tis ye 
lim inf 


>0, 
n= log nN 


and D<o. 
If p is the order (R) of F(s) in the plane, then, by Theorem 
XXIII, since the conditions of that theorem are satisfied: 


log|an| __1 

saad ees oo, log d\n p 

If S(xa) is the strip |t—t| <7a, and if 
My(0;+%t.) =Max| F(s) | 


when s ¢ C(o;+it, ma), we see by Theorem XVI that, for 


o; arbitrary: 

(99) log M,(o;+it.) 2log|a,| —log A, —),o;—K, (n21), 
where K is a constant. By (98), 6:>0 given, there exists a 
sequence {;} such that: 


220 Dirichlet Series 


(100) log |ax,| > -(5+5)% ek, Gen. 
and by Theorem XVII: 
lim sup ees <0, 


that is to say: 
(101) log A; <PAsdne4), 
where P is a constant. 
Let us denote by s*=of+7t* a quantity such that 
M,(o;+ito) =| F(s*)|. It is obvious that Ms(o#*) = Mi(o;+1t) 


and that of =o;+k;, where |k;| <aa. If we choose o; such 

as to have o;= -(5+2 i) log Xn, where {n;} is a sequence 

such that (100) holds, the inequality (99) allows us to write 

log Ms(c}) =log Ms(o;+;) =log Ms( -(£+25: )log rats) 
> log M,(-(£+25:)log a, tit) =log|an,| —log An, 
+(5+25 halog Mn, -K2 — (E+), log Nu; —Prn, 

+(2+261)%s, log An, —K =8dn, log An; ~Pdn, —K, 
We have therefore: 
logsMs(c) 
—o 


ps =lim sup 


cm © 


log(6:1dn; log An; —PAn;-K) 1 
¢ +281) log An; —K; 1 +26, 
p p 


* 
> lim sup 08-Me(o?) 
j= Gs 


=lim sup 


jae 


and, since 6, >0 is arbitrary, we have ps=p. But obviously 
psp, and therefore ps =p. 

This theorem was proved by the author [10] and, in 
weaker form, in the paper already mentioned above by 
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Gergen and the author [14]. There, as we said above, the 
role of D is played by : where h =lim inf(\n41—Xa), and, as 
1 
> h 
It should be remarked that an order can also be defined 


in a curvilinear strip extending to — © at the left. If 
2 =2Z(s(u), R) is such a strip, we shall set 


M3(c) =Max|F(o+it)|, 


the maximum being taken when og is fixed, the point s+it 


we have said >D. 


belonging to 2 and py=lim sup eels). In the statement 


ais 
of Theorem XXIV “horizontal strip S(aa)” can be replaced 
by “curvilinear strip horizontal at the right and extending 
to —~o at the left, of width 27a,” and there is nothing to 
change in the proof of Theorem XXIV in order to establish 
this new version of its statement. 

G. Julia proved the following theorem [15]. If f(z) is an 
entire function, there exists a straight line issuing from the 
origin such that in each angle with vertex at the origin, 
and containing this line, f(s) takes infinitely many times 
each value except at most one. Such a line 1s called ‘ine 
of Julia” or line J. For a Taylor-D series this can be trans- 
lated in the following manner: If 2a,e-"* represents an en- 
tire function, F(s), then in each horizontal (closed) strip of 
width 27 there exists a line t=const., such that in each 
horizontal strip containing this line F(s) takes infinitely 
many times each value except at most one. 

We shall generalize the notion as well as the theorem of 
Julia to general Dirichlet series. Let F(s) be holomorphic 
in a horizontal strip S containing the line t=f. This line 
shall be called line J, if in each horizontal strip containing 
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this line, and contained in S, F(s) takes infinitely many 
times each value, except at most one. 

We may define horizontal lines with even more specific 
properties than those of a line J. Let us suppose, once 
more, that F(s) is holomorphic in the horizontal strip S(R) 
of width 2R defined by the inequality |t—i| <R, and let 
us consider the family ¥ of functions of z defined by 
f(z, 0) =F(e+it+z), (—%2 <a<«). Each of these functions 
is holomorphic in C(0, R), that is to say, the circle |z| <R. 
If the family ¥ is not normal in C(0, R) there exists, in 
C(0, R), at least one irregular point [15], % =xo+7yo, that 
is to Say, a point such that for no €>o is the family F nor- 
mal in C(%, €-)=(|z—%| <¢). The straight line t=t)++ 
will be called a line J*. Clearly a line J° is aline J, since, if ]° 
were not a line J there would exist an e>O0 such that in 
C(z, €) the functions of the family # would take only a 
finite number of times two distinct values a and b (a ¥D), 
and it would then be normal, contrary to the definition of 
a line /°. In other words, a line /° has more precise prop- 
erties than a line 7. A corresponding remark was already 
made with respect to lines J [15]. 

We shall now prove a theorem of a more specific nature 
than Theorem XXII, or even more specific than the state- 
ment which is contained in the remark at the end of Chap- 
ter VI. It is true that the conditions on {\,} have to be 
those of Theorem XXIV, the function F(s) has to be entire, 
and the strip horizontal, the width of which depends as 
well on D as on the order (R) of the function F(s). 


THEOREM XXV. Jf F(s)= > ane with oF =—-, 
lim Inf(Anyi—An) >0, and if the order (R) of F(s) is p>O0, 


then in each horizontal strip S(ra) of width 2na, with 
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a>max(D, 7) there exists a line J® (which is therefore a 
line J). 

The proof of this theorem depends on Theorems XXII, 
XXIV, and on an interesting theorem of Valiron [20] 
which generalizes Picard’s theorem to an angle. We shall 
state this result (here Lemma XI) for a horizontal strip. 

Lemma XI. Jf F(s) is holomorphic in a horizontal ey 


containing a closed horizontal strip S=S @ ), of width = —, 


in which the order of F(s) is larger than x then F(s) takes in 


S infinitely many times each value, except at most one finite 
value. 

We shall only indicate that the proof of this lemma de- 
pends on the well known theorem of Schottky by which if 
a function f(z) =co+ciz+-+- is holomorphic in |z| <1 and 
does not take, in this circle, the two values 0 and 1, then 
there exists a function K(u, v)< © such that, in 

|z| <@ (0<6<1), |f(z)| SK(co, 6). 
A precision of this theorem, which is also needed for Valiron’s 
Kilu : 


proof, was given by Landau [20]: K(u, Bee =——, ‘where 


- K,(u) < © depends only on u. 

In order to prove Theorem XXV it is then sufficient to 
make the following remarks: Suppose that the strip S(7a) 
is given by |t—t)| <a, and let us choose e>0 such that 


a—e>max(D, 5) By Theorem XXIV, the order ps, of 
p 
F(s) in the strip S; given by |t—t| <+(a—e) 1s equal to p. 
On putting v Her we see that p -s and, by Lemma XI, 
a—e 


F(s) takes in S; infinitely many times each value except at 
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most one. The condition b) of Theorem XXII cannot there- 
fore be satisfied in S(aa), hence, by the remark at the end of 
Chapter VI, the family ¥ of functions f(z, ¢) =F(o+1to +2) 
is not normal in |z| <7a, and there exists an irregular point 
Zo =xXo+iyo with |zo| <a (obviously, since D<a, the con- 
ditions of Theorem XXII are satisfied if the conditions of 
Theorem XXV are satisfied). The line given by t=t+¥o 
is a line J° which is situated in S(7a). 

For functions of positive order, Theorem XXV contains 


—ns 


Julia’s theorem on entire functions. Indeed if F(s) =Yane~"’, 


(oof = — ~), is of order (R) equal to p>0, since here D=1 
we see that if & is an integer such that k >max( 1, x) F(s) 
p 


has a line J in the horizontal strip |¢| <kaw. But since F(s) 
is periodic of period 27i, this function has a line J in the 
strip |¢| <7. That is to say, ¢(z) =>a,%" has a line /. 

In one of his papers A. Bloch (see [17]) has suggested, 
without proof whatsoever, the following principle: if a prop- 
erty (P) bearing on sequences of complex numbers is such 
that from the fact that {a,} has this property and from 
lim supv/|a,| =1 it follows that the point of affix e” is a 
singularity for the series }-a,2", then from the fact that 
{b,} satisfies the property (P) and from lim~/b, =0 should 
follow that the entire function given by }),z" admits the 
line of argument @ issuing from the origin as a line /. 

This principle, necessarily somewhat vague as to the char- 
acter of the property (P), was justified some years later by 
many interesting theorems. The first important contribu- 
tions in that direction were made by G. Pélya [17]. Let 
{An} be a sequence of increasing positive integers. N(x) 
being the distribution function of {\,}, Pdlya introduced 
the notion of maximum density D which is defined in the 
following manner: let us set for OS €<1: 
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N(x) —N(Ex) 
‘D(E)=lim' sup — 4: 
aaa Wealla- 2) 
This expression tends to a limit as £ tends increasingly to 1, 
and 


(102) D= lim Die). 
—=1-0 


It is easily seen that D=D. Indeed, e>0 given, from 
the definition of D it follows that there exists a sequence 
{x;} tending to infinity, such that N(x) >(D—e)x,(i=1) 
and such that for 0<£<1, fixed, N(tx,;) <(D+e)éx,, hence 


N (xi) — N (Ex) Siac e(1 + &) 


x(1—&) hee ae 
_ and 
D(é) 2 lim sup Mae Ts elt whe 


Since «€>0 is arbitrary we see that “D(£)=D, and also 
‘D=D. It is obvious, since the X, are integers, that D <1. 
Pélya proved that, if the Taylor series 2,2 (A, integers) 
represents an entire function f(z) of order 6=, then f(z) 
admits a line / in each angle with the vertex at the origin 
and of opening equal to 27D. 

Pélya’s theorem is the first to justify Bloch’s remark, 
since by a theorem alse due to Pélya [17], if such a Taylor 
series instead of representing an entire function has a finite 
radius of convergence, equal say to unity, then it has a 
singularity on each arc of length 27‘D of the circle of con- 
vergence. 

It is seen that Theorem XXV is more general than Pélya’s 
theorem for the following reasons: in Theorem XXV, 
1°) a Dirichlet series is considered instead of a Taylor series; 
2°) the order is supposed to be only positive instead of being 
supposed to be equal to infinity; 3°) if the order is equal to 
infinity Theorem XXV gives immediately the following one: 


P26. > Dirichlet Series 


Turorem XXVI. If F(s) = 0 ane with oc? =— &, 
lim inf(Xn41—An) >0, and if the order (R) of F(s) 1s p=, 


fe aa 
then in each horizontal strip of width 2ra, with a>D, there 
exists a line J°. 

Thus, this statement, even if the X, are, moreover, sup- 
posed to be integers, is more general than Polya’s statement, 
since “D=D. 

Another remark which seems to be of a fundamental 
character can be made. For theorems concerning singulari- 
ties the notion of maximum density, “D, seems to be inherent 
in the subject, as far as the study of singularities on the axt1s 
of convergence is concerned, since, for instance, in Polya’s 
theorem mentioned above, and concerning the singularities 
on the circle of convergence, the quantity “D can certainly 
not be replaced by D. Therefore it seems that, even if a 
profound analogy does exist between the study of singular- 
ities and that of lines J (or /), the second subject is of a 
more elementary character, at least the conditions required 
for the existence of lines / are simpler than those for the 
existence of singularities on the axis of convergence (or on 
segments of this axis of specified length). 

As a corollary of Theorem XXVI let us state the follow- 
ing one. 

THEorEM XXVII. Jf F(s)= 5 ane with oof = — @, 
lim inf(\ny1—A,n) >0, D=0, and if the order (R) of F(s) ts 


p= then each line t=to with to arbitrary, is a line J°. 

This theorem was proved, for Taylor series, by Pélya. 
Let us finally mention that Theorem XXIV was also proved 
by Pélya for Taylor series, however, with the quantity D 
playing the réle of D. 


“a 
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SINGULARITIES OF FUNCTIONS 
REPRESENTED BY DIRICHLET SERIES 
WITH FINITE UPPER DENSITY 


The theory of detection of singularities of a function 
represented by a Dirichlet series has been very much en- 
riched in the last twenty years. The subject is, however, 
masterfully treated in the book of V. Bernstein [3] which 
we have mentioned many times in this work, and we shall 
not attempt to give another systematic exposé of this mat- 
ter. We shall therefore not give here the striking results 
of Pélya and V. Bernstein which are of a high degree of 
precision and generality (see [3]). Let us only recall that 
their theory is chiefly based on the notion of maximum 
density “D, due to Pélya and mentioned (in connection with 
Taylor series) above. Only results where the upper density 
is involved will be given in this chapter. 

We shall now suppose that — ~ <og<«. A curvilinear 
channel connected with the half-plane o>oc is a channel (as 
defined in Chapter IV) of which the central line contains at 
least one point situated in the half-plane ¢>o¢. To say that 
the function F(s), represented by }a,e~, admits in such 
a channel © a singularity, means that there is no function 
holomorphic in this channel and which, for the points of 
for which o>oc, is given by the sum of the Dirichlet series. 

The sequences {X,} and {a,} given, we shall set 


e B het rh 
a({an}, {rn}) =lim sup persis 


where {A,} is the sequence associated with {),}. 
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The following theorem can now be proved: 

TuroremM XXVIII. Suppose that F(s) is represented by 
ane” with ocF <@, a({an}, {ra} )>— 0. F(s) admits a 
singularity in every curvilinear channel of width ra, with 
a>D, connected with the half-plane o>oc*, of which the cen- 
tral line contains at least one point 5;=01+1h with 

a1 <o({an}, {An})- 

Let © =>(5(u), +a) be a channel, connected with the half- 
plane o >o¢", of width 27a, the central line ZL of which con- 
tains a point 5;=5(u1) with o,<o({an}, {An}), (51 =01+7h). 
If F(s) did not have a singularity in ©, F(s) would be holo- 
morphic and bounded in the channel }\(s(u), 7a), where 
ad, is such that D<a,<a. It would then follow from Theo- 
rem XVI that 

o, 2lim sup sR =a({an}, {rn}), 
contrary to the supposition that o1<o({an}, {d,}). 
Let us now set 
o{,} =lim sup 


log A, 
n= Rn 7 
It is obvious that: 


o({an}, {Xa} =lim sup Lhe Sa ee 


n 


=lim sup ee —lim sup nee 
=oc¢—a{),}. 


It follows, on the other hand, from Theorem XVII that 
if D< « and if (79) is satisfied, then 
o{dn} <B(D, h), 
with B(D, h) =3D(3—log(hD)), if D>0, and B(O, h) =0. 
The following theorem is therefore an immediate conse- 


quence of Theorem XXVIII. 


Singularities of Functions 229 
THEOREM XXIX. If F(s) is represented by Yane’ with 
oc’ > — © and if 
lim inf(Any1 —An) =h >0, 


then there exists a singularity of F(s) in every curvilinear 
channel of width 2ra with a>D, connected with the half-plane 
a><ac™, the central line of which contains at least one point 51 
such that o1<a¢" — B(D, h). 

This theorem contains the following theorem due to A. 
Ostrowski [16]. 

THEOREM XXX. There exists a positive function 

a(h, D)(0<h<w~,0<D<~) 
tending, when h is fixed, to zero as D tends to zero, and such 
that, of F(s) 1s represented by Ya,e~™ with — © <ag, the 
sequence {X,} satisfying the condition 
lim inf(An41 —An) =A >0, 


and D being the upper density of {da}, then F(s) has at least 
one singularity in each circle of which the center 1s an arbitrary 
point of the axis of convergence and of which the radius 15 
a(h, D). 
More precisely a(h, D) = D[x+3(3 —log(hD))]. 
Since a(h, D) tends to zero with D (h being fixed), we 
have in particular the following theorem. 
THEOREM XXXII. Jf F(s) is represented by Sane 
where oo > — ©, and where the sequence {da} is such that 
say % 
lim =< =(),? 


lim inf(An41—An) > 9, 


then each point of the axis of convergence 1s a singularity 


for F(s). 
1This condition is obviously equivalent a8 lim Nts} =0. Generally the two con- 
ditions ba i sup * =D, i sup me) =D are equivalent. 
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This theorem, when the X,, are integers, is due to Fabry; 
the general case is due to Pélya [17]. 

Coming back to what we have said in Chapter VII about 
the analogy between the two kinds of theorems: those con- 
cerning the singularities of a Taylor series (or a Dirichlet 
series) and those concerning lines J (or lines /, for Dirichlet 
series), we shall add the following remark which is a corol- 
lary of all the results established in both chapters VII and 
this one: 

To theorems on lines / in a strip of width 27a correspond 
theorems on singularities in such a strip and not theorems 
on singularities on a segment of the axis of convergence of 
length 27a. 


IX 


COMPOSITION THEOREMS 
OF HADAMARD TYPE 


One of the most important theorems in the theory of the 
detection of singularities of a Taylor series, important in 
itself, as well as a very useful tool, is Hadamard’s theorem 
on ‘the multiplication of singularities” discovered in 1898 
(see for instance [6]). 

Since we shall have later on in this chapter the oppor- 
tunity to give this theorem in its most general form, we shall 
state it now in a form which is true only if the singularities 
are supposed to be isolated and not critical (not branch 
points), although many authors, by mistake, considered this 
statement as being the general one. 

If Ey is the set of the singularities of the function represented 
by Yanz", Es the set of the singularities of the function repre- 
sented by ¥\b,2", and E; the set of the singularities of the function 
_ represented by Yanb,%", then to each point es of Es there corres- 
pond a point e: of E,; and a point é2 of Es such that es =e1é2. 

Translated into Taylor-D series this theorem gives the 
following statement: 

If y is a singularity of the function represented by 
Yianb,e-™, there exists a singularity a of the function repre- 
sented by ).a,e-™ and a singularity @ of the function rep- 
resented by }°d,e-™* such that y=a+f. 

We have supposed in these statements that the radii of 
convergence of both series a,2", 00,2" are finite, or, what 
amounts to the same thing, that the abscissa of convergence 


of the Taylor-D series is not +. 
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The statement on Taylor-D series is not true for general 
Dirichlet series. In other words, the function represented 
by Sa,bne7"* may have singularities, which are not of the 
form a+ where a is a singularity of the function f(s) 
represented by a,e~ and £ a singularity of the function 
y(s) represented by ),¢~™. This may occur even if each 
of the two functions f(s) and ¢(s) has only one singularity. 
For instance, if a, =b, =1, 4, =log n, then each of the func- 
tions f(s), ¢(s) is the ¢(s)-function of Riemann, which is 
known to have only one singularity, of afix one, which is 
a simple pole. Thus, if the theorem were true, the function 
represented by the composite series (S(a@nb,e~™) should 
have as its only possible singularity the point of affix 2, but 
this composite function is, in the given circumstances, itself 
the function ¢(s). 

The fact that the statement, given above for Taylor series, 
is not true for general Dirichlet series does not prove that 
another statement, which reduces to the one above when 
Xn =n, may be true for the general case. We shall give here 
two theorems on Dirichlet series, one, of which the statement 
is relatively simple, and a second of a complex nature, but 
which deals with Dirichlet series of a very general type. 
Both statements contain Hadamard’s theorem as a very 
particular case. 

Although each of the theorems given below is true, with 
a certain precision of the language, for multiform functions 
we shall suppose, for the simplification of the language, that 
the functions represented by the given Dirichlet series are 
uniform. We shall see later on how these same statements 
can be modified if the corresponding functions are multi- 
form. . 

Let Sca,e~* be a Dirichlet series with the abscissa of 
absolute convergence o4< «© and suppose that — © <gj. 
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Let A be a region, situated in the half-plane o >o1, contain- 
ing the part of this half-plane for which o>o,4 and such 
that there exists a function f(s) holomorphic in A, equal to 
the sum of the series Da,e™** for s ¢ A, c>oy. If there 
exists a domain A(o;) which contains each domain A having 
the properties mentioned, we shall say that the function 
f(s), holomorphic in A(o,) and equal to the sum of the series 
for s e A(oi), o>o4, is uniform in the half-plane o>o;. The 
set composed of all the points of the half-plane ¢ =o; which 
are not points of A(c;) will be denoted by S,* and called 
the singular set of f(s) with respect to the half-plane o>0o1. 
The points s such that ¢=o; thus always belong to S,”. 
If A(ox) coincides with the half-plane ¢ >, only the points 
with o =a; belong to Sj. Interesting theorems will be ob- 
tained only if S* contains points different from those situ- 
ated on the line «=o, but for the general validity of the 
results to come it is important to define Sj as we did. When 
g; is given, the function defined as above in A(o;) will be 
denoted by f(s) =Yia,e~, although f(s) is actually equal 
to the sum of the series only in the part of A(o,) for which 
o>act. Since, if o1’<o,, the function defined, as indicated 
above, by means of the analytical continuation of an,e~™" 
in the regions A(o;’) and A(o;) (if it is uniform in both 
regions) takes, in the intersection of these regions, the same 
values, the indication of this function by the same letter f 
is justified. It should be remarked that A(o1)AC(o’). 
Thus, to say that “f(s)=d0a,e—* is uniform in the half- 
plane ¢ >o1” means that A(o:) exists, that f(s) is holomorphic 
in A(o;), that this function is given in the part of A(o:) in 
which o>ocf by the sum of the series a,e~”, and that 
f(s) cannot be continued analytically to a point of Sj with- 
out effecting this continuation on a path crossing the line 


Oo =0\. 
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It is well known that a function represented by a general 
Dirichlet series does not have necessarily a singularity on 
the axis of convergence, contrary to what happens in the 
case of a Taylor-D Series. For instance, the function f(s) 
Gani} 

78 
yet here oof =0 (ox =1). But, let Hy be the greatest lower 
bound of all the quantities o’ such that f(s) is holomorphic 
if ¢>o’ and is given in the part of this half-plane in which 
o>oco by Na,e~. This quantity H; is called the abscissa 
of holomorphism of f(s) =Cane—™, [3]. Obviously 


H; Soc! So’. 


represented by the series >) is an entire function and 


The line represented by «=H; is called the axis of holo- 
morphism of the series. The quantity 


H,(o1) =}. u. bo 


se SH 


shall be called the abscissa of holomorphism of f(s) =Lane~™S 
in the half-plane ¢ >0;. Obviously H;(o1) =H; if o1 < H;, and 
H,(o1) =o; if 0, > Hy. 

To say that the only possible singularities of a,e~ in 
the half-plane o>o1 are points of the closed set E will mean 
that, on denoting by P(o:) this half-plane and by (P(o1) —£) 
the part of the difference of sets P(o:) — E which constitutes a 
region! containing a half-plane ¢ >o2 in which Ya,,e-** con- 
verges, the function f(s) is holomorphic in (P(o:) —£) and 
is given in the part of this region for which ¢ >a. by the sum 
of the series. 

It should be remarked that, if o1/ >01, S*’ does not neces- 
sarily contain all the points of Sj. This is the reason why 
we use, in the definition of S,", the expression “with respect 
to the half-plane ¢ >0,” instead of “in the half-plane ¢ >0.” 


1A region is a connected set of interior points. 
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Let f(s) =Xa,e~”’ be uniform in the half-plane ¢ >o1, and 
let us set 


S/(€) = U Cis, €),} 


o1 
Se Sy 


where C(s, €) is the open circle of center 5 and radius «. 
If to every e>0 there corresponds a constant K(€)(=K(e, 01)) 
such that in the closed region A(o, e) =(P(ai) —S;*(6),? 
|f(s)| <K(e), we shall say that f(s) is bounded in the half- 
plane o>o1, except for singularities, or “bounded e. f. s.” 
It is obvious that each Taylor-D series, f(s) =a,e-"*, which 
is uniform in the half-plane « >o,, is bounded e. f. s. in this 
half-plane. This is, however, not true for general Dirichlet 


P ‘ see . 
series. For instance, ¢(s) =)— 1s not bounded e. f. s. in the 
7 


half-plane o >1—6, if 6>0. 

Suppose now that the function f(s) =)oa,e-*, still uni- 
form in the half-plane ¢ >ai, is such that there exists a non- 
negative constant m having the following property: to each 
e>0O there corresponds a constant K(e, m)(=K(e, m, o:)) 
such that in A(o, €): |f(s)| <K(e, m) |t|™, if |¢| is sufficiently 
large. Let u be the greatest lower bound of such quantities 
m. Thus to each 6>0 and each e>O0 there corresponds a 
constant W(e, 5)(=V(e, 6, 71)) such that 

f(s) | <M(e, 6) |¢|*" 
in A(o, €), for || sufficiently large, and no quantity smaller 
than » has this property. We shall say that f(s) is of order 
p except for singularities, or of order yp e.f.s., in the half- 
plane o>01. 

Let us denote by Q(o:, 4) the “quarter-plane” given by 
o>o1, t>t. Suppose that the series Da,e—* has the fol- 

1U (a) means the union of all the sets L(a) (depending on the parameter a) 


aeA as a takes all the possible values in the set 4. ‘ 
2A(o1, €) is therefore also connected, closed, and contains a half-plane o>o2. 
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lowing properties: let a region A and a quarter-plane Q(o, to) 
be such that Q(o1, t1) > ADQ(o», to) and such that there exists 
a function f(s) holomorphic in A, given in Q(o2; t), by the 
sum of the series; we shall suppose that there exists a region — 
D(o1, to.) which contains all the regions A having the prop- 
erties just described. We shall then say that f(s) =iane~** 
is uniform in the “‘quarter-plane”’ Q(o1, to). We shall denote 
by S, the set of all the points s satisfying the inequalities 
g 201, t>t) which are not points of D(o1, t). The set Sy” 
shall be called the singular set of f(s) with respect to the quarter- 
plane Q(o1, to). We shall set 
Sy (e) =U CG, e). 
Se Sf” to 
If to every «>0 there corresponds a constant 
K(©)(=K(e, a1, t0)) 
_such that in the closed region A(a1, to, €) = (Q(o1, to) — S¥"(e)), 
which is a part of the closure of Q(o1, t)) —S;*(€) connected 
with a quarter-plane Q(o2, t:), we have |f(s)| <K(e), we 
shall say that f(s) is bounded in Q(a1, to) except for singularities 
(e. f. s.). Obviously if f(s) is uniform and bounded e. f. s. 
in the half-plane o>0o;, it is also uniform and bounded 
e. f. s. in every quarter-plane Q(o1, t) with f arbitrary. For 
each fy such that f(s) is holomorphic, uniform, and bounded 
in O(o1, to), (a1 fixed), let us set 
OF lig) = 4a, Dai ge 
se SH to 

H;*(o1) =lim oF (to). 
Obviously H,*(o1) exists and H;+(o,) 20:1. This quantity 
Hy*(o1) shall be called the ultimate (+) abscissa of holo- 
morphism of f(s) in the half-plane ¢>o. 

If 4 and B are two sets of complex numbers, we shall 
call the set composed of all the numbers a+, where 
ae A, Be B, the sum-composite set of the sets 4 and B. 


and let us also set 
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It should be remarked that, even if both sets 4 and B are 
closed sets, their sum-composite is not necessarily closed. 

Since the first of the theorems given in this chapter bears 
on functions represented by Dirichlet series which are 
bounded e.f.s. either in a half-plane or in a quarter- 
plane, it is important to show that Dirichlet series, which 
are not l’aylor-D series (nor series of the form Yia,e-*"* with 
k constant), exist which have such properties. Let us sup- 
pose that f(s) =a,e~ with os <0, the d, being arbitrary, 
and let 7(z)=dc,2" be an entire function. Consider the 
function 


Fs) =7(f0) +755) = Mae +E") 
SSE ESD 
Since for o>0 the series >> |cn|(>>]an|e—*"+ >> e7%7)™ 


converges, we see that F(s) is represented for ¢>0 by a 
Dirichlet series 


Fis) = Sidyen™, 
where each »v, is of the form »,= >> aA;+8, where the 
1 


a; and B are non-negative integers. On the other hand, in 
: 1 
the half-plane o>,’ the function f(s) ee has only 


simple poles of affixes 2kai. In the region o>o4/+e, out- 
side the circles C(2kzi, €), this function is bounded. There- 
fore F(s) is bounded there. But inside each such circle the 

1 
1—e- 
finity, and by Picard’s theorem F(s) takes in these circles 
each value except at most one, infinitely many times. Thus, 
the points of affixes 2k7i are isolated essential singularities. 
F(s) has therefore the required properties. 

The theorem we shall now prove contains Hadamard’s 


values taken by /f(s)+ cover a neighborhood of in- 
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theorem on Taylor series, but it deals with far less general 
series than Theorem XXIII. 

THEOREM XXXII. Suppose that f(s)=Cane, with 
oal< oo, 15 uniform and bounded e.f. 5. in the quarter-plane 
o>01, t>to, and suppose that o(s) =Xbne—* with a4? < ©, 15 
uniform and bounded e.f.s. in the half-plane o>0o2. Let 
Sy» be the singular set of f(s) with respect to the quarter- 
plane o >o1, t>to, and S,” the singular set of o(s) with respect 
to the half-plane: o>o2. Let H;*(o1) be the ultimate (+) 
abscissa of holomorphism of f(s) in o>o, and H,(a2) the 
abscissa of holomorphism of ¢(s) in o>a2. 

The series Yanbne—’ has an abscissa of absolute convergence 
not greater than oa! +oa®, the function F(s) =Yianbne~™ 15 uni- 
form in the half-plane o >H;*(o1) +02 and the only possible 
singularities of F(s) in this half-plane are the points of the 
sum-composite set of the sets S~", the limit-points of this set, 
and the points of S,”. 

Let c and #, be chosen such that c > oy’, 4: >¢ and consider 


1 cHT 
(103) Fal) =n [fe@—Dds (T>4), 


the path of integration being on the line ¢=c. Fr(z) is holo- 
morphic if «=R(z) >c+oa*, since then z—s, 5 varying on 
the path of integration, lies in the half-plane o>o4°. For 
such a value of z we have 


me Cees io a fye@—s)ds 
= oR jis) Diy Dnt aed ee D aa On =; 7 [ices 


ctit, ct 


But . iia i 
(104) 7p [fends =an,+e,(T), 


with jim én(7) = inh Therefore 
Fr(z) = SS andre + DS en (T) be. 
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The series Sa,b,e7” converges absolutely for «>0o4%+c, 
since 


co re oo 2 1 ctl 
Andale = b, |e! lim — PVsins 
coc cimee a Naa arAOac 


e —An(x Tan 


<M(c) >> |b, 
p+1 
where - 


Mle) = Leu, d. [fle-+it)| SE |aale™, 


and D|dale™**-% < © for x—c>ou*. Thus Yan,b,e— 
converges absolutely for ¢ >ouf+oy°. ’ 
For x >o4°+c we have then, for each 9: 


|Fr(z) —F(z)| =| »B bye (anten(T)) — >> dnbne—™*| 


SD [bal [en(T) |e. 
It follows from the definition of ¢,(7') that (see (104)): 
len(T) | <2M(c)e, 

hence, for each 7p: 
[Fe(2) —F(@)|  ¥ [be| [ea(T) |e +2.0(0) So [Bale-MO°, 
which proves, since (when # is fixed) e,(7)—-0 as To 
(w=1,-+- ), and 5° [b,|2-*@-9 0with p>, (x—c>a,°); 
that lim Fp(z) _ FO, as x >o4°+c. 

Ea as now suppose that c>max(oz’, 01) and let us pave 
the strip 0: <0 Sc with squares of side ‘ri fom (g integer), 


and let D(e) be the set composed of all the squares which 
neither contain (in their closure) a point of Sj", nor are 
contiguous to such a square. If e¢ is sufficiently small (if 
gq is sufficiently large), all the squares bordering the line 
a =c belong to D(e). We shall suppose that ¢ is chosen in 
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such a way. Let then D*(e) be the greatest region belong- 
ing to D(ce) and containing the squares bordering the line 
o=c, and D*(e,t) be the part of D*(e) for which ¢>h. 
By the properties of f(s) this function is holomorphic and 
bounded in D*(«, t:). Let C(e) be the boundary of D*(e, 21). 
Let {an} be a sequence of quantities increasing to infinity 
with m, such that an>t, (m2=1), and let us denote by 
D*(e, t, m) the part of D*(e, t:) for which t<a,, and by 
C(e, ti, m) the part of its frontier which does not contain 
the points of ¢=c. From Cauchy’s theorem it follows that, 
if x>o4®+c (the integral being taken in an appropriate 
sense) : 


(105) Fan (%) == | f(s) e(2—5)ds, 
Ce, t1, m) 
and thus, still for atte 
F(z) = T(s)e(z—s)ds. 


= 01m JE(., , m) 

Let J, be. the set of the’ pate forming the segments of 
C(e, 4, m) for which t=a,,, and L the set of the points form- 
ing the segments of C(e, 4, m) for which t=. Since the 
total length of each of those sets of segments for a given m, 
and that of LZ, is not larger than c—o;, and since on these 
segments |f(s)| and |g(z—s)| (if x>o4°+c) are bounded, 
we see that, on denoting by C’(e, t:, m) the set C(e,m) —/,,—L, 
we have also: 
(106) F(z) =m 5 — = [Lee —s)ds, 

"(e, ty, m 

where #; is fixed and Ee only the inequality #4, >é. 

Let now A be a bounded region in the z-plane such that 
it contains points with «>o4°+c, such that for each z ¢ A: 
x > H;*(o1) +o2—3e, and such that, on denoting by S,,, the 
sum-composite of Sy" and S,”, the inequality |z—y| >6¢ 
holds for each z € A and each s ¢ S,,,. If t; is chosen suffi- 
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ciently large, then for each s € C(e, hh, m),z€ A, B e S,% the 
inequalities . 
R(z—5) =x—-o>02, |z—s—B| > 

are satisfied. Indeed, if t; is sufficiently large, we have for 
each 5 € C(e, th, m): o <H;+(o,) +3¢, and, if z eA: x—o>902} 
on the other hand, if for a 2’ « A, an 5’ € Cle, ty, m) and a 
B' eS." we had had |2’—s’—8’| <e, since to each 5’ of 
C(e, 4, m) there corresponds an a’ e S/»" such that 
|s’—a’| <2 V2e, we would have |z’—a’—8’| <|z/—s’—8'| 
+ |s’-a’| <(2V2+1)e, contrary to the supposition that 
|x’ —a’ —B’| >6e. Thus, with our choice of t if s € C(e, ti, m), 
z¢A, the variable «=z—s lies in the part of the half- 
plane «>o2 which is connected with the half-plane o> «u°, 
and in which the function ¢(s) is holomorphic, uniform, and 
bounded. The functions F,,,(z) defined by (105) constitute 
thus a bounded family of holomorphic functions in A. But 
in a closed part of A situated in the half-plane x > o4°-+c, the 
series F,,(z) converges uniformly towards F(z) =)ia,b,e~”, 
and by a classical theorem of Stieltjes-Vitali [15] F..,,(z) 
converges uniformly to a holomorphic function in each closed 
part of A. This limit is the analytic continuation of F(z). 
We have therefore proved that the series )a,b,e—™ can be 
continued analytically in each region A described above, 
and this proves the theorem. 

This theorem was proved by the author in 1929 [8], in 
a different wording and in a somewhat more general form. 
In 1940 S. Bochner [4] proved a very similar theorem in 
which the sets Sy", S,, S;,, are replaced by the boundaries 
of the stars of the corresponding functions.! The boundary 
of a star of a function f(s) represented by )a,e~” is the 


1§, Bochner mentions in his paper Theorem XXXIII which was reproduced in 
Bernstein’s book [3], but he does not seem to have had knowledge of Theorem 
XXXII. It should be remarked that Bochner states his theorem also for general 
almost-periodic functions. 
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set of the points composed of all the half-lines t=t*, ¢ So”, 
which have the following property: in the region/remaining 
after the extraction of these half-lines the function repre- 
sented by 3a,e~* can be continued analytically, this being 
not true if one of the half-lines is replaced by t=2*, o <o¥ 
with o* <o*. There is nothing to change in the proof of 
Theorem XXXII if in its statements the sets Sj", S,” are, 
respectively, replaced by Ey», E,? where Ey" is the set 
composed of the part of the boundary of the star of f(s) 
situated in the quarter-plane ¢>01, ¢>¢) and the half-line 
o =01, t>t, and where E,” is the boundary of the part of 
the star of g(s) situated in the half-plane ¢>c2. The intro- 
duction of the stars allows us to avoid the introduction of 
the uniformity of the function. It should, however, be re- 
marked that, on introducing stars (at least for uniform func- 
tions), the region in which it can be asserted that the com- 
posite function is holomorphic is diminished. On the other 
hand, in order to be able to state Theorem XXXII as well, 
for multiform functions as for uniform ones, curvilinear 
stars can be introduced. In other words, the set £,%, for 
instance, can be replaced by a set of simple Jordan arcs 
which connect the line ¢ =c2 to different points in the half- 
plane ¢ >o2 and which are such that in the remaining part 
of this half-plane }\a,e~”* can be continued analytically. 
The reader will see for himself how Ey could be con- 
veniently replaced. The arcs, for each function f(s) and 
y(s), respectively, should be chosen in such a way that they 
do not intersect each other, except if one of these arcs is a 
part of another. The fact that these arcs can be taken in a 
very arbitrary way allows the determination of a very general 
region of holomorphism for the composite function. 
Theorem XXXII contains Hadamard’s theorem, since for 
Taylor-D series o; and oc; can be taken arbitrarily (if the 
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functions are uniform; for multiform functions the introduc- 
tion of the arcs described above is essential). The fact that 
to of the statement can be taken arbitrarily does not improve 
the theorem for the Taylor-D case, since the functions f(s) 
and y(s) are periodic with period 277. But the possibility 
of an arbitrary choice of f does play an important réle in 
the applications of Theorem XXXII [5]. It should be re- 
marked that for two Taylor-D series the sum-composite of 
S;7 and S,” is closed, since the points of both sets S;* and S, 
are distributed periodically with period 27i. 

Before we begin to deal with Dirichlet series of a very 
general character, let us give the following definition. Let 
{un} be a sequence of positive quantities strictly increasing 
to infinity, let f(s) =¢,e~, and let & be a positive integer. 
Let ) be the smallest integer 7 such that yw, >i, and let 
us set: 


a, =0 (0<n<m) (if mo >1) 


a,” = yb (in —Am) "Amy (n =). 
Xm <un 


The quantity a, shall be called the n* coefficient of f(s) 
with respect to the sequence {un}, of order k. 

THEOREM XXXIII. Suppose that f(s)=Nane— with 
auf <<, is uniform and of order v e.f.5., in the half-plane 
g>01, and that o(s)=>db,e7*", with oa? < ©, 15 uniform and 
of order pe. f. 5. in the half-plane o>o02. 

Let Sj be the singular set of f(s) with respect to the half- 
plane o>o1, and S,” the singular set of p(s) with respect to 
the half-plane o>o2. Let H;(ox) be the abscissa of holomorphism 
of f(s) in o>a1. | 

If k is an integer such thatk >v+p, the series Yan™bn,e-, 
where a,™ is the n“ coefficient of f(s) with respect to the sequence 
{un} of order k, has an abscissa of absolute convergence not 
larger than max (04°, a4’ +0.°), the function F,(s) =Da,b,e-"* 
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is uniform in the half-plane o >Max(H;(o1), 0)-+o2, and the 
only possible singularities of Fy(s) in this half-plane are the 
points of the sum-composite of the sets Sj and S,%, the limt- 
points of this set, and the points of S,”. 

Let c>max(0, o4’), and consider: 


(107) rots [ee ) ds, 


the path of integration being the line o=c. F(z) is holo- 
morphic if «=R(z) >c+o4’, since then z—s, s varying on 
the path of integration, lies in the half-plane ¢>o4°. For 
such values of z we ats write: 


abo) es em 9 


C—t20 


(108) Eien [Flsyem pre 


= » b,. erm an ae Ain e(#n —Xm)s ca 
and by Theorem X ai 
(109) F(z) = >> bne-*"® S> am (Un —Am)* = » a,b ,e—, 


n=n0 Am <un 
no being the smallest integer m such that Sie exists a quan- 
tity \,, smaller than y,. 

Obviously the last series converges for x >c+o4°. But in 
(108) all the equalities hold if f(s) is replaced by © |a,|e7, 
wis) by > [bal e-. 

Therefore the series 


DD [am | (dn An) *Dne —P* 


m=NQ Am<Ha 
converges for x >c+ox*, and so does the series > | a,b,,| e-*™, 
which proves that the abscissa of absolute convergence of 
La,b,e-* is not greater than max(o4*, ouf+ou®), since c 
has only to be such that 
c >max(0, oy’). 


wa 
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The equality (109) proves that F(z) = F(z). 

Let us now set, moreover, c¢ >max(0, o1, o4/), and, as for 
the proof of Theorem XXXII, let us pave the strip 01 $0 Sc 

eek 

q 
set composed of all the squares which contain (in their 
closure) neither a point of S* nor the point s =0, and which 
are not contiguous to such squares. 

If ¢ is sufficiently small, all the squares bordering on the 
line o=c will belong to D,(e). Let us choose e€ so that 
this is the case, and let Di (e) be the greatest region belong- 
ing to ‘D,(e) and containing the squares bordering the line 
a=c. The function f(s) is holomorphic in D#(e), and to 
each 6, >0 there corresponds a constant N,(5:)( = Ni (41, €, o1)) 
such that, in Di (e),| f(s) | <Ni(61) |¢|**, for |¢| sufficiently 
large. 

On denoting by D¥#(e, T) the set of points of D#(e) for 
which |t| <7, let C¥(e, 7) be the part of its boundary which 
does not contain the points of go=c. For x >o4°+c we have, 
by Cauchy’s theorem 

eT 
feee—)-< = [fee—9> 

the first integral being taken, in an appropriate sense, on 
C#¥(e, T), the second on the straight-line segment joining 
the two points c—i7 and c+i7. If L* and L~ are the set 
of segments of C¥(e, 7) on which we have, respectively, 
t=T,t=—T, we see immediately that the integrals extended 
over these sets of segments tend to zero as T+. This 
proves that, for x >o4°+c: 


(110) Pia) = [fe —) > 


where C¥(e) is the part of the boundary of Dy(e) which 
does not contain the points of ¢ =c. 


with squares of side «=——“! (qg integer). Let D,(e) be the 
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Let now A be a bounded region of the z-plane, such that 
it contains points with x >0o4°+c, such that for each ze A: 
x >max(H,(o1), 0)-+o2+2¢, and such that, on denoting by 
S/, the union of the sum-composite of the two sets Sy", S,” 
and of the set S,” (S,, is therefore the sum-composite of 
two sets, one of which is composed of the points of Sand the 
point s=0, the other being the set S,”), the inequality 
|z—y| >6e holds for each ze A, and each ye S;,.. The 
inequalities R(z—s) =x—a>o2, |z—s—6| >e are then sat- 
ised for each ze A, se C#(e), and Be S,%. This can be 
proved in a manner analogous to that in which we have 
proved a similar fact in proving Theorem XXXII. Thus, if 
s e C#(€),z€ A, the variable wu =z —s lies in the part of the 
half-plane o>o2 which is connected with the half-plane 
og >o’ and in which the function ¢(s) is holomorphic, uni- 
form, and is such that to each 6,;>0 there corresponds a 
constant N2(5:) (= No(s, €, ¢2)) with the property that | ¢(s) | 
<N2(é2) |¢|’t®, for |¢| sufficiently large. Since the region 
A is bounded, we see thus that, if s e C¥(e), ze A, then 
|o(z—s)|<Noa(S2)|¢|”* for |¢| sufficiently large. Since 
v+u<k, the constants 6; and 6: can be chosen in such a 
manner as to have u-+vy+6,+6:.<kh, and then the integral 
(110) converges uniformly with respect to z as z varies in 
any fixed closed region A; CA. Therefore F;(z) is holo- 
morphic in A. This obviously proves our theorem. 

This theorem was proved by the author, in the same paper 
as Theorem XXXII [8] in a somewhat more general and 
precise form. The statement given here is somewhat easier 
to prove than the original one. Some simplifications of the 
details are taken from the proof of the author’s theorem 
given by V. Bernstein [3]. Let us remark that, in using 
the integral (110), introduced by the author, D. Widder 
proved a particular case of Theorem XXXIII [21]. 
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Hadamard’s theorem is contained in Theorem XXX, at 
least when the Taylor series in question are supposed to 
represent uniform functions. Let indeed 


Ws) = v dye", (5) = res baem", 


and let a=e* be one of the singularities of ys) on the axis 

of convergence. ¥i(s) =Yd,a"e-"" => A,e-"* admits the point 

s=0 as a singularity. Let us now set f(s) =(1 —e-*)2ey(s) 

=(1—e-)%e° D) Ane = D> ane-™*. We have, as is readily seen, 
2 i 


A, =(n—l)ay+(n—2)a2+-+++4,1= 5 (n—m)an, (n=2). 


m<n 

The singularities of f(s) are those of y(s) except perhaps 
the points 2ki, which are singular for ¥:(s), but may be 
regular for f(s). Since for the Taylor-D series, f(s), ¢(s), 
the quantities o; and oa, can be taken as negative numbers, 
arbitrarily large in absolute value, and since, with any such 
choice of o; and os, & can be taken equal to unity, we see, 
by Theorem XXX, that the only possible singularities of 
F(s) = >> a,b,e-™, where a,% = D> an(n—m) =A, (n>1), 


m<n 

a; =0, are the points of the sum-composite S;, of the sets 
S; and S, and the points of S,, where S; is the set of sin- 
gularities of f(s) and S, the set of singularities of ¢(s),! 
in the whole plane. If we denote by Sy, the set of singulari- 
ties of ¥(s), since this function admits as singularities all 
the points of S; and the point s=0, we see that the sum- 
composite of S,, and S, is the union of the two sets Sho 
and S,. In other words, the only possible singularities of 
F(s) =A nbne-™ =Lidnbne™e-* are the points of the sum- 
composite of the sets Sy, and S,. On denoting by Sy the 
set of singularities of ¥(s), it is obvious that each point of 

1For a uniform function the set of singularities is, by the definition we have 


adopted in various circumstances, the complement to the region of existence of 
the function (and not only the boundary of this region). 
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S, is obtained by adding —5s) to an affix of a point of S,,. 
Therefore, the only possible singularities of ®(s) = dnbne~™ 
are those of the sum-composite of the sets Sy and S,. This 
constitutes the most precise form of Hadamard’s theorem, 
at least when the functions are supposed to be uniform. 
If the functions are multiform, the statement of Theorem 
XXX can easily be adapted, on introducing, as we have 
said above in speaking of Theorem XXXII, simple arcs of 
Jordan which lead to uniform functions. 

Returning to Theorem XXX, we notice that if o1 <0, and 
if s=0 does not belong to Sj“, then for ¢ sufficiently small 
the boundary C#(e) contains a square (of side 3e) which con- 
tains inside the point s =0, this square being separated from 
the other points of C#(e). Let c(e) be the boundary of this 
square. The part of F;(z) given by the integration on c(e) 
furnishes, for x spn large ri the theorem of residues) : 

“poo df Ue, 
=(— ve te (z) — Cif’ (0) e@-” (z) 
+ +(—1)4"(0)e()]. 

On the other ay it follows readily from the proof of 

Theorem XXX that the only shar oe of the function 


FG) he) = 75 [fee—o-, 


where C3(e) =Ci*(e) —c(e), are the points é the sum-com- 
posite of S; and S,”. From the form of J;,(z) it follows readily 
that the only singularities of this function are those of ¢(z). 
Theorem XXXIII can therefore be stated in the following 
more precise form: 

THEOREM XXXIV. With the same hypotheses as in Theorem 
XXXITI, if s=0 is a regular point for f(s), the function 
Fy(5) =Lanbne" 1s uniform in the half-plane ¢>H;(o1) +02, 


Tif 


(111) 
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and the only possible singularities, in this half-plane, of the 
function 


Fi(s) —I,(s), 
where 
1(s) =(=1)[f Oo () —Cf Og*-() 
0 TIES a Gare wae UL ae 
are the points of the sum-composite set of the sets Sj and Sen 
and their limit points. 

The fact that in the general Theorem XXXIII (or Theo- 
rem XXXIV), the two sequences {\,}, {un} can be chosen 
as entirely unrelated sequences allows us a great variety of 
interesting applications. For instance, the distribution of 
singularities of functions represented by Taylor series is 
_ much better known than the distribution of singularities of 
functions represented by general Dirichlet series. Real 
progress would therefore be achieved if the problem of the 
location of singularities of a Dirichlet series could be re- 
duced to the problem of the location of singularities of a 
relatively simple Dirichlet series and that of a Taylor series, 
of which the coefficients are simply related to the sequences 
of the exponents and coefficients of the given Dirichlet series. 

We shall show that in many cases an indication of the 
location of singularities of ).a,e~* can be obtained when 
the affixes of the singularities of }e—* and those of a Taylor 
series of which the coefficients are formed with the quanti- 
ties a, and X, are known. 

Let {X,} be a sequence having the usual properties and, 
moreover, such that \; >1, let {a,} be a sequence of complex 
numbers, and let k>0 be an integer. If there exists a se- 
quence {d,} such that for each n21: 

an = 2 (An —m)*dm, 


m <An 
we shall say that {a,} admits a generatrix-sequence {dn} of 


order k, with respect to {dn}. 
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Generally a sequence {a,} has no generatrix-sequence of a 
given order, with respect to a given sequence {\,}. But con- 
ditions bearing on {X,} can easily be given in order that each 
sequence {a,} will have a generatrix-sequence of a given 
order, with respect to {A,}. Let us denote by ¢, the greatest 
integer smaller than \,. The following lemma is immediate. 

Lemma XII. If for an infinite sequence {ni}, 2i<AnSnitl 
and if the determinant A,, of order ni—of which the term in 
the p row and the q* column is (Ap—q)* (if 1SpSns Gg Sep) 
and O (if 1Sp<niy ep<q Sen, =ni)—15 different from xero, 
then each sequence {an} has a generatrix-sequence of order k 
with respect to {Xn}. 

Indeed, each system of equations (with the d, as un- 
knowns), 


b> Ai m) kd in =a, 


m<ry 


23 (An; — tt) "dn = any 


msn 

admits a system of solutions. If n;, and »;, belong both to 
the sequence {n,;} and if n;,<n;, the quantities d,“), 
dx, - ++ dy, which are the first n;, terms of the solution 
of the system (S;,), constitute also the system of solutions 
of the system (S;,).. The union of the solutions of all the 
systems (S;), (121), constitutes therefore a sequence {d,,} 
(to each » there corresponds only one d,), which satisfy 
all the systems of equations: 


> er —m)*dm = ay 


m<dy : 


(n =1) 


>» (An ae m)*din =A4y. 


m <n 
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Lemma XIII. If n<d,Sn+1 (n=1), each sequence {a,} 
has a generatrix-sequence of any order k>O, with respect to 
{r,}. 

Here n;=7, and obviously 

A=[(A1—1)(A2—2)--- (A, —2)]* #0; 
the conclusion follows then from Lemma XII. 

From Theorem XXXIII follows immediately [7]: 

THEOREM XXXV. Let F(s) be represented by Dane, 
(Ai>1). Suppose that o(s)=Ce—” is uniform and of order 
u<o e.f.s. in a half-plane o>o2, and that {a,} admits a 
generatrix-sequence {d,} of an integral order k >, with respect 

to {r,}. If 
lim sup a 


and if f(s)=did,e-™ is uniform, then F(s) is uniform and 
the only possible singularities of F(s) in the half-plane 
o >Max(a, 0)+02 are the points of the sum-composite of S; 
and S,”, their limit-points, and the points of S,, where S; and 
S.” are, respectively, the set of singularities of f(s) in the whole 
plane and the singular set of o(s) with respect to the half- 
plane o> 02. 

This is a particular case of Theorem XXXIII with {d,} 
playing the réle of {a,} of Theorem XXXIII, the 2, of that 
theorem being here all equal to unity, o; being an arbitrary 
quantity, H;(o:) =a for <a, a, of the statement of Theorem 
XXXV being nothing but the 7“ coefficient of f(s) =Xid,e~”* 
with respect to the sequence {A.}, of order k. 

It is seen by Theorem XXXV that each time that the 
sequence {A,} satisfies the conditions of Lemma XII (or, 
in particular, of Lemma XIII) then only the behavior of 
the function o(s) =e” has to be known, so far as Dirich- 
let series, different from Taylor-D series, are concerned. 

Remark. If the sequence {X,} is such that to each posi- 


=a< oe, 
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tive integer & there corresponds at most one },, such that 
k <d,<k+1, in other words, with the notations given above, 
if (€n41—€n) 21, (n=1), (with d, >1), then the series }a,e-™" 
can be written in the form Ya‘e-", where L.,=,, and 
where L, for p distinct from each ¢, is chosen arbitrarily in 
the interval (p, +1], where a’,,=a, and where a’,=0, for 
» distinct from each ¢,. The quantities L, are now such that 
p<L,<p+i1. Thus, by Theorem XXXV, the study of the 
singularities of F(s) =ca,e~™* can still be reduced to that 
of the singularities of a function represented by a Dirichlet 
series of which all the coefficients are equal to unity, De”, 
and a Taylor-D series Yd’,e-™, where {d’,} is the generatrix- 
sequence of {a’}, with respect to {Z,}. The order of the 
generatrix-sequence depends, of course, on the order e. f. s. 
of gi(s) =Ke~® (if this function is of finite order e. f. s. in 
a certain half-plane o>o2). 

It is of course important to give composition theorems, 
in which the order e. f. s. of the composed functions is not 
involved, even if these functions are not bounded e. f. s. in 
certain half-planes. This can be achieved if the sets S;7, S,” 
are replaced by sets which contain, respectively, the sets 
S; and S,” but which for Taylor-D series are reduced to the 
sets S", S,”. We shall give here an example of such a 
theorem, proved by the author [7]. But first let us make 
the following remarks: Let f(s) =doa,e- be uniform in a 
half-plane o>0o;. We shall denote by £;(a, 01) the set of 
points in the half-plane « >o; in which f(s) takes the value 
a. In other words, if p € E;(a, 01), then R(p) >o1 and f(p) =a. 
Let now ¢(s) =b,e-*"S be uniform in the half-plane ¢ >a», 
and let, as usual, S,” be the singular set of ¢(s) with respect 
to the half-plane ¢>o2. We shall denote by P[ f, 013 9, o2] 
the set of points having the following property: a necessary 
and sufficient condition that y e P[ f, 013 ¢, 0] is that if a 


a 
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takes any complex value, except at most one, to every e>0 
there corresponds a point p,=p,(e) e E;(a, 01), and a point 


B=B(.) « S,2 such that |y—ps—B| <e. If both series, the 


series representing f(s) and that representing g(s), are 
Taylor-D series, then the set P[f, 01; 9, 2] is a subset of 
the sum-composite of the sets Sj" and S.. Indeed, let 
ve P| f, 01; 9, a2], and let 8, Se", Pun € Es(Wny 01), With. 
@,—> 0 as n—>e, be such that lim (p.,+8,) =y, which is 


wm 
possible by the definition of y. Since in our case f(s) and 
g(s) are periodic with period 277i, on setting p., =p’., tip”, 
we can suppose that 0 <p”, <27, and then there exist two 
integers ki, k. such that, on setting 8, =6',+78",, 2kin <8", 
<2ker, all these equalities and inequalities hold for n=1. 
On the other hand, let o’ be such that o’ >o4/; if for n> 


| wn | >Max|f(s)|, then all the p,.,(m>m), are situated in 


the rectangle A, defined by o, Soo’, 0StS2z, and thus 
all the 8, with 7 >» are also situated in a bounded rectangle 
A». There exist therefore a sequence {n;}, a point p belong- 
ing to A, and a point £ belonging to As, such that lim p,, =p, 


i=o 7 


lim 8,,=8, and y=p+ 8. But obviously, p e Sj and 6 e S,”, 


ime 
which proves our assertion. 

It is also easy to see by Picard’s theorem that if a € S/”, 
and if a, (with R(a:) >o1) is an isolated essential singularity 
of f(s), then, for each 8 belonging to S,”:a:+6eP| f,013 ¢, 02]. 
At any rate, if S,, denotes the sum-composite of S;7 and 
S.”, f(s) and ¢(s) being represented by Taylor-D series, then 
the closure of the union of the two sets S;, U P[f, «13 ¢, a2] 
is equal to the set S;,. But, for general Dirichlet series, it 
cannot even be asserted that this closure is equal to the 
closure of S,,. In order to have composition-theorems bear- 
ing on general Dirichlet series, without being obliged to take 
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into account the order e. f. s. of the functions, the introduc- 
tion of sets of the type P[f, 01; ¢, a2] seems natural and 
indispensable. If o:=0.=—, the set Plf, a1; 9, o> | 
=P[f, —«©; ¢, —] will be denoted simply by P[f; ¢]. 
Let us remark that P[ f; ¢] is not equal generally to P[¢; f]. 

Turorem XXXVI. [7] Let F(s) be represented by 
Dane s( >1). Suppose that e(s)=Le~™ is uniform in 
the whole plane, and that {a,} admits a generatrix-sequence 
{dn} of an integral order k with respect to {rgb dy, 


lim sup log|d.] <0, 

n= 2 n 
and tf f(s)=Didne-™ 1s uniform, then F(s) 1s uniform and 
the only possible singularities of F(s) are the points of the 
sum-composite of S; and S,, the points of Ply; f], the limit- 
points of all these points, and the potnts of S,. 

We shall first suppose that ¢(s) takes all the possible 
values except at most one. As for the proof of Theorem 
XXXIII we can show, on writing formulas analogous to 
(107) and (108), that ou? Souf+ou°, (oli sup eels), 
We have to prove that F(s) is uniform and holomorphic in 
the part A of the complement (with respect to the whole 
plane) of the set S;, U S, U P[e; f] which constitutes a 
region containing a half-plane o>o’. Here S;, is the sum- 
composite of S; and S,. Let Z be a closed simple arc of 
Jordan belonging to A having one of its extremities z* in 
the half-plane ¢ >o4/+-04°, and let x be a point of L. There 
exists a positive quantity, 6>0, and two distinct quantities 
a and b, a=a(%), b=b(x) such that for each 6 e S: 
1) |zo—8|>6, and for each pa e E,(a,— ©), each py e E,(b,— ~), 
and each aeS;: 2) |z—a—pal >d, 3) |z—a—ps| >6, 
4)|%—B-al >. 

It is obvious that there exists a quantity 6;>0 such that 
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1) and 4) hold with a, 8 having their precise meaning and 
with 6 = 4,, since if this were not true, % would belong either 
to S, or to S,,.. If, on the other hand, there were not two 
quantities a and b and a 6:>0 such that 2) and 3) hold 
with 6=62, then for each 6>0 the inequality |z—B—p,| <6 
would hold for every c, with a certain p, e E(c, — ©), with 
a certain 8, except for at most one value c=c(5). But ob- 
viously, for 6 sufficiently small, c(5) (if it does exist) will 
have the same value, and z would belong to P[g;f]. The 
‘smaller of the two quantities 6, and 6 is the desired 
quantity 6. It follows then from the established inequalities 
that to every % ¢ L there corresponds an e>0, €=e(x), such 
that, if z « C(z, e), then 
|z—B| >e, [zx -—a—p.| >e, |z-a—py| >e, lz —B—al| >e. 

The quantity ¢€=e(z) depends on x, but, if we denote by 
e'() the least upper bound of all the quantities e(z.) (for 
zo e L fixed), having the properties defined above, we see, 
by classical reasoning (Z is bounded, since it is a closed arc 
of Jordan), that g. 1. b. e’(z.) =n >0. In other words, there 


exists a constant 7>0, independent of x, such that for 
a=a(zo), b=b(z), every pa€ Efa(20); 4 2), Pb € E(b(%); = 2), 
aeS; BeS,: 
(112) |z—6|>n, |z—a—p.| >n, |[z—a—ps| >n, |z—B—a] >, 
when ze C(z, 7), with 2 ¢ L. 

Let us choose a finite number of points 2, 2%, --+ zo 


such that zo" ¢ c(~™, 2), (1<mSk-1), m9 €L, (15jSh), 


zo) =z*, the other extremity z* of ZL being such that 


aif € C(x, 2). 


Obviously ¢(s) 0, uniformly with respect to ¢ as g>~ 
(since 4: >0, here 4:>1). But it is easily seen (this is a 
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well known fact for each Dirichlet series with 1 >0) that 
for o sufficiently large ¢(s) #0. Indeed, for o large, 


g(s) Es > e7 ms =e—™5(1 ae yo Gr rae) 
1 2 
and, since >) e~%—s_.0, as o>, uniformly with re- 
2 


spect to z, we see that ¢(s) #0, for o large. Therefore there 
exists a oo such that R(paa(d))<o0, R(po2)) <oo, and 
if o, +e is negative, numerically sufficiently large, and if 
s=o,+e+2t, then, for each z € C(%”, 7), (157 Sh), each 
BeS,, and each a=a(%m™”), b=b(m™), (1878): 

(113) -“[z—s—.| > 9; 12 — 5 on] a iat oe ee 

Let now Cy(e) have the same meaning as in formula 
(110).1_ From what we have seen (inequalities (112) and 
(113)), if « is sufficiently small, the inequalities (113) hold 
if s is any point of C¥(e) (o1 is chosen negative, numerically 
sufficiently large), moreover (still if € is sufficiently small), 
we shall have R(z*—s) = R(z*) —ouf —2e Sou" +e. If s is a 
fixed point of C¥(e), the point u=z—s5, when z varies on L, 
varies on a curve L(s), which is obtained from L by trans- 
lation. One extremity u* =z*—s, of L(s) is in the half-plane 
o>oa°+e; wehavethus| g(u*) | =| o(z*—s)| $M =e oa? +9, 
for each s e C#(e). 

By Schottky’s theorem, if ®(z) is holomorphic in a circle 
C(A, R), if |®(4)| <N, if &(z) does not take in C(4, R) 
two distinct values a and 3, and if 0<6<1, then 

| ®(z)| <K(a,b; N; @)<@ 
in C(A, @R). Therefore, if for s fixed we set u* =x —s, 
= ++, Up =%9 —5, we shall have: 


| e(2) | <K(a(z), b (zo?) 5 M; )=Ki, 
forueC (2), that is to say, also: | ¢(u*)| <Ky. On ap- 


‘We define here C,*(e) with respect to the function f(s) of the actual statement 
as we did for the function f(s) of Theorem XXXIII. 


. 
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plying once more Schottky’s theorem we shall have 


|e(u)| <K(a(z), b(zo); Ki; 4)=K:, 


for u e€ C(us, 2, that is to say, also | e(u#*)| <Ks, etc.... 
In applying Schottky’s theorem & times, we see that 
|¢(z—s)| <B, when z is in a channel of which ZL is the cen- 
tral line, s being an arbitrary point of C#(e), B being in- 
dependent of z and s. 

It is now easy to see that the integral in (110), once more, 
defines a function holomorphic on L. The remaining part 
of the proof is obvious. 

We have supposed that ¢(s) takes all possible values ex- 
cept at most one. If o(s) does not take two distinct values 
then, as the reader can see easily, the proof becomes simpler, 
since then, if a, and ),; are the two values which ¢(s) does 
not take, the last passage of the proof, where Schottky’s 
theorem is used, can be applied directly with a(z‘?) =a, 
D(x) =bi, (1 $7 SR). 

A more general theorem of the same kind can be proved, 
in exactly the same manner, if we consider series of the form 


Yidne-™, b,e, and a,e—"* where an =bn >, (An —m) #dn. 


m<An 
H. Brunk, in his doctoral thesis [5] proved theorems of a 
very general type in which points of a character similar to 
those of a set P[ f, g] are involved. 

Theorems on singularities of Taylor series can also be ap- 
plied in a reverse sense, so to speak, in order to assure that 
a function represented by a Dirichlet series of a general 
type necessarily admits singularities of given afhxes. 

Let f(s) be represented by Ya,e~’, and let & be a posi- 
tive integer. The n“ coefficient of f(s) with respect to the 
sequence {n}, of order &, shall be called the n* Taylor- 
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coefficient of f(s), of order k. This quantity shall be denoted 
by ar (n). 

TuroreM XXXVII. Suppose that f(s)=Cane™, with 
oul <<, is uniform in a half-plane o>o1, and that f(s) 15 of 
order ve. f.s. in this half-plane. Let B be a singularity of the 
function F(s) represented by Yar™(n)e-*, where k>v, and let 
us suppose that B 1s not of the form 2mm, where m 1s an integer. 
To each €>O there corresponds an integer p such that there 
exists a point a belonging to Sf with the property: 


|a—(2pm7i +B) | <e. 


Indeed, the function o(s) =S<e-™ is uniform in each half- 
plane o>o», and it is bounded e. f. s. in such a half-plane. 
Therefore Theorem XXXIII can be applied to f(s) and 
g(s), with k>v. Hence the only possible singularities of 
F(s), in the whole plane, are the points of the sum-composite 
of S; and S,, the limit-points of these points, and the points 
of S,. But S, is composed of the points of affixes 2mz1, 
where m takes all integral values. If 8 is a singularity of 
F(s), and is not of the form 2mzzi, that is to say, does not 
belong to S,, it must belong either to the sum-composite 
of Sj and S, or has to be a limit-point of this sum-composite. 
In other words, either there exist a point a belonging to 
S/* and an integer m, such that B =a,+2my77; or there exist 
a sequence {a,}, with a, e S, (n2=1), and a sequence of 
integers {m,} such that B=lim (a,+2m,7i). In the second 


case, if e>0 is given, for sufficiently large the inequality 
|8—a, —2m,7i| <e is satisfied. In both cases the statement 
of the theorem is satisfied. 

Theorem XXXVII allows us to associate with each theo- 
rem on Taylor series furnishing a condition in order that 
a given point be singular for the corresponding function, a 
new theorem on Dirichlet series of general type (of finite 


“* 
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order e. f.s. in a half-plane) locating some of its singularities. 

This and other theorems of this type were proved by the 
author [8]. 

Since these lectures were delivered, H. Brunk has proved, 
in his work mentioned above [5], many interesting and im- 
portant theorems related with the subject of this chapter. 
He gives in fact a generalization of Theorem XXXII, in 
which he replaces the boundedness e. f. s. in a half-plane 
by a less restrictive condition, but conserving the form 
> 4nb,e—s of the composite function. 

He supposes, for instance, that in the part A(oz) of the 
half-plane o>o2 from which the points S,” are excluded 
g(s) has the following property: to each positive 6 there 
correspond two positive quantities L(5) and M(65) such that 
if s; «e A(o2), and if there exists a channel connecting 5; to 
the half-plane o >o4°, of width 25, which lies in A(é.), and 
of which the central line is not larger than L(é), then 
|(s1)|<M(6). A similar property is supposed to be satis- 
fied by f(s) in a quarter-plane: ¢ >01, t>z. The conclusion 
of Brunk’s theorem is similar to that of Theorem XXXII. 
He made also an extensive study of cases in which the sets 
Sy? and S,” can be replaced by larger sets, by adding, 
for instance, to S,” the set in which ¢(s) takes two distinct 
values, in order to obtain composition-theorems in which 
neither the boundedness nor other similar conditions are 
any longer necessary. Such theorems generalize Theorem 
XXXVI. 

Brunk gave also many interesting applications of Theorem 
XXXII, as well as of its generalizations. We shall state 
here a particular case of one of his theorems [5]. 

TueoreM XXXVIII. If f(s) =Nane" 1s uniform and 
bounded e.f.s. fora>oi, with o1<04/(|os/| < ©), af the only 
singularities of f(s) in the half-plane o >o1 are poles of affixes 
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Sot2kri, where 59 =a4f +ito, if there exists a quantity M such 
that the orders of these poles are all smaller than M, if 
log|an| 


lim inf(A,41—An) >0, lim =ox', then there exists an in- 
n= n=o 


teger m>O, such that 
isL= d er eeT Sh, 
q= 


where T,(s) 1s a Taylor-D series. 
For the proof of this theorem and for many other interest- 
ing results we refer the reader to Brunk’s Thesis [5]. 


x 


COMPOSITE THEOREMS OF 
HURWITZ TYPE 


A composition-theorem on Taylor series was also given 
by Hurwitz in 1899 (see, for instance, [6]). We shall state 
his theorem as elliptically as we did for Hadamard’s theorem 
at the beginning of Chapter IX. 

If Ey, Es, Es are, respectively, the sets of singularities of the 


Se bas ligne 
) 
functions represented by the series See = app gee fae 


where Cn =Anbo+Ciha,ibit---+aob,, and if c ¢ Es, then there 
exists an a belonging to E, and a b belonging to E2 such that 
c=at+b. 


If z =0 is a regular point for the function ¥(z) represented 
by Ps —, we shall say that the function f(s) represented 


by <secieet is regular at — «©. We shall say that — 
is a singularity for f(s), if z =0 is a singularity for Y(z). 
On setting z =e", the theorem of Hurwitz becomes: 


Iff(s) => age "ts, (5) =>b,e~- +)! and F(s) =Fic,e ts, 
0 0 0 


with ¢,=a@nbo +Clanabi+---+aob,, then F(s) has no other 
singularities than the points y of the form y=log(e*+e’*), 
where @ is a point of S; and where 8 is a point of S,. Of 
course, if a= — « is a singularity for f(s), this point should be 
considered as belonging to S;, and each point log(e~* +e%) =6 
belonging to S, should be considered as a possible singularity 
for F(s). In the same way, if 6=— © is singular for 9(s), 
each point a belonging to S; is a possible singularity for F(5). 
261 
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Let now 6(s) =Xd,e~* be a Dirichlet series representing 
a uniform function. If the following conditions are satisfied: 
1) there exists a quantity o such that 6(s) is holomorphic 
in each finite region contained in the half-plane ¢ <a», 
2) 6(s) tends to a finite limit, which we shall denote by 
§(— ©), as co>—, uniformly with respect to t(— © <t<), 
3) (0(s) —0(— ~))e-* tends to a finite limit, which we shall 
denote by 6’(— ~), as --+— ©, uniformly with respect to 
t—we shall say that s=— © is a regular point for 6(s). 
If one of these conditions is not satisfied we shall say that 
5=—o is a singularity for 6(s), or that — ~ € S,. 

A simple generalization of Hurwitz’ theorem can be ob- 
tained, if one of the two series is a Taylor-D series, the other 
one being of an arbitrary type. 


THEOREM XXXIX. Suppose that f(s) = > ane" TS, ewath 
0 


oal<w, and o(s)= > bae, with o4¢<@, are both unt- 
0 


form in the whole plane. Let {ln}, (n=1) be the sequence of 
all the sums \,+m, (r21, m2=0), written in an increasing 
order, and let us set 
dn > a ae mM), 

where for m=1: 

A(r, m) = Ars (Arga +1) + + + (Arg — 1) 3; (r=1, m=1) 

m! pear yg bese 

and where A(r, 0) =1, the double series being taken with respect 
to all r=0, and all m=0, such that \y41: +m =lny. The series 


Didne es has an abscissa of absolute convergence which ts 
not larger than log(e744-+e74"), the function F(s) = >> d,e~m#s 
0 


1s uniform, and the only possible singularities of F(s) are the 
points y such that y =log(e*+-e®), where a is any point of S; 
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and B any point of S, and the limit-points of this set.' In 
log(e*-+e*) each determination of the logarithm should be 
taken. 


Let c>o,’, and let us prove that, for « sufficiently large: 
(114) F@) = [fGJerellog(e—e)}as 
where (for x aimiieetty large, o =c) 

yg [log(e* —e*)] = Sale et) Den = Sidne teh gel) Thee 
= bse 1 ef % Angi (Angi +1) - - jeer --m —I) aad 


n=0 m=1 m! 


the path of integration being the straight line segment join- 


' ing the points c to c+2mi. If log(e7—e*) >a>«au’: 


oz 
2a 


Z [iSelote—eylea— 


et a bed aus _ 
fi) Shae] By Nese heer FE) eer PD) pmo tt [eds 
1 Je n=0 m=1 2 
ro a aR =: ct2ni 
ae >) petesldet a. (A, +m 1), Ontos. saz [Fee tds 
n=0 m=1 4 Z 
x b es 1 c4t2ni = 
43 due ees 5h [fisjerd 


n=0 m=1 tt 


© ~° 
bao Dy bye = DY dae an? 
n=0 n=0 


Since these equalities still hold if Ya,e~"t?* and °b,e-™"* 
are respectively replaced by D|a,|e~%** and Y°[b,,|e7®, 
we see that .d,e~* converges absolutely for x >log(e*+e74"), 
and since c is chosen arbitrarily such that c >o4/, we see that 
oa? Slog(e*4/ +e74"). 


1If f(s) admits — © as a singularity, then each point y=log(e —«+8) =B+2kni, 
with Be Sy, should be considered as a possible singularity of F(s). ; If —o isa 
singularity for ¢(s), each point a+2k7i, a € Sy, is a possible singularity of F(s). 
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Let o, be an arbitrary quantity such that o;<q4/ and let 
(Sj) be the part of Sj for the points of which 0 $27. 
For «>0, let (Sy*(e)) be the union of a finite number of 
closed circles of radius ¢ containing inside the points of 
(S").1 Let D(e, 01) be the region composed of the points 
of the rectangle 0; <0 Sc, 0St<2m which are not points of 
(Sy"(e)) and for which the points o =c, 0St<2z are boundary 
points (e being sufficiently small). If z, with x sufficiently 
large, is fixed, the function of s: ,(s) =f(s)e[log(e7—e*) Je 
is holomorphic in D(e, 01), the function g[log(e? —e*) | being 
the analytic continuation, on paths which (s varying only) 
lie inside or on the boundary of D(e, 01), of the function 
given, for s on o=c, by the double series written above. 
Moreover, the function ®,(s) takes the same value for two 
values o’ and o’ +227 which belong to the boundary C(e, o1) 
of D(e, 01). 

Therefore, if we denote by C,,,, the part of C(e, 01) com- 
posed of the points which are neither points of ¢=c, nor 
points of the lines t=0 or ¢=27, we have by Cauchy’s 
theorem: 


(115) F(z) = 7; [feLlogte —e*) jetds. 


Now let z vary in a bounded closed region A containing 
points with abscissa x such that x >log(e°+e74°), and such 
that for every z¢A, every seC,., and every B€S,, 
Bx~—o,? the inequalities 

|z —log(e*+e®)| >a 
(116) 
|z—s+2kai| >e2 (k any integer) 
(SF ‘(e)) can be obtained by taking the union of all the circles of radius ¢ around 


each point of (S}") and extracting, by Borel-Lebesgue’s theorem, a finite number 
of these circles. 
If —o € Se. 
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are satisfied, the positive quantities 4, & being arbitrarily 
fixed, the logarithm being taken with all its possible de- 
terminations. Then obviously for a certain 6>0: 
|e7—e* —e8| > 6, 
and 
| log(e#—e*) —B| >e1=e4(a1), ' 
Rlog(e7 —e*) =log|e: —e*| >N =N (es), 
where ¢>0, N>-—o. The function g[log(e:—e*)], where 
z€A, seC,,, is then a holomorphic function of z and 5s, 
and F(z), given by (115), is a holomorphic function of z in A. 
If, moreover, s = — © is a regular point for ¢(s) then F(z) 
is holomorphic in each bounded closed region A containing 
points with x such that x>log(e*+e°4") and such that for 
every ze€ A, every seC,.,, and every BeS,, the first in- 
equality of (116) is satisfied. Indeed, the function of 
z, y|log(e—e)] is then holomorphic in A, if we give to this 
function the value ¢(— «) when z=s, z e A, since this func- 
tion is then continuous in z (for s fixed), and moreover it 
has a derivative with respect to z at each point ze A. This 
is obvious for z=2 € A, if ee, but, if e =e* then: 


de[log(e*—e*)]| _ j., vllog(e*—e*)] ~o(- &) 
dz z=z0 Z=20 20) 
7 RE LE Gore a kd td WR oe ari] ee 
2=2 e7—e s=39 4 —2%o 


From the fact that g[log(e*—e*)] is holomorphic in A, 
for each fixed value of s belonging to C,,,,, it follows then, 
by a well known theorem, that F(z) given by (115) is holo- 
morphic in A. 

It should be emphasized that the set (Sj) (which is the 
part of S/* contained in the strip 0<¢<2m) contains the 
points of the segment L,, given by o=01, 0StS2r. Let 
¥.,(6) be the set of the points of the circles which form a 
part of (S;*(e)) and which are such that each point of Z,, © 
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is inside of one of these circles. If f(s) is regular at s= — ~, 
for —o, sufficiently large, ¥.,(e) is separated from the set 
S/(e), formed by the circles, which form a part of (S/7(e)), 
and which are such that each singularity of f(s) contained 
in the strip 0<t<2m is contained in one of these circles 
(e being fixed). The set C.., is composed, for —o; sufh- 
ciently large, of an arc /,,, composed of arcs of circles of 
radius e and centers at L,,(e), and the set C...,—/.,4. The 
affixes of J, ,, (always provided that s=— © is regular for 
f(s)) tend to infinity as o:+— © in such a way that if 
s' =o' +it! el.) ¢’>— © uniformly with respect to ¢’.. The 
set C’.,=C.—/,., does not vary if —o, is sufficiently 
large. On choosing z, as above, so as to have «>log(e*+e74"), 
we may write (115), for —o, sufficiently large: 


FQ) = 55 [fOerellog(e—e) las 
(117). ee 
+ 7q3 [fOr [log (ez —es) |ds. 


But since, if f(s) is regular at s = — ~, f(s)es0 as cp — &, 
uniformly with respect to 0<#<2z, and since the second 
integral is independent of o, if —o; is sufficiently large, we 
see that, if f(s) is regular at s=—o, then for —o; suffi- 
ciently large (e>0 being fixed): 


F(e) = 5h [ f(s)ere [log (es ~e*) ]ds. 


This proves that, if f(s) is regular at s=—o, then: 
a) if x varies in a bounded region A containing points with 
x >log(e*+e4"), and such that for every s ¢ C’.,, and every 
BeS,, B4— the inequalities (116) hold, or: b) if s=—o 
is regular for y(s) and if we suppose only that the first of 
the inequalities (116) holds—then F(z) is holomorphic. 
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This remark, added to the remarks made above when F (z) 
was defined by (115), completes, on taking into account 
that e>0, «>0 and ¢,>0 are arbitrary, the proof of the 
theorem. 

The reader will see for himself that Theorem XXXIX 
contains Hurwitz’ theorem as a particular casé: \, =” (n=1). 

A theorem of a less precise form was proved by the author | 
in his paper of 1929 [8]. 

A theorem of a more general character, bearing on two 
Dirichlet series of general and different types: Ya,e~”, 
>b,e-** can be obtained if the notion of finite order e. f. s. 
is introduced. 


THEOREM XL. Let f(s) = > ane nos be uniform and of 
1 


order v e. f. s. in the half-plane o >0, and let o(s) = > b,em™s, 


with oa’< a, be uniform and of order uw e.f.s. in the half- 
plane o>o2. Let k be an integer larger than v+p, let ar™(n) 
be the n® Taylor coefficient of order k, let {ln}, (n=1), be 
the sequence of all the sums X,+m, (r=1, m21), written in 
" an increasing order, and let 


re) ee ees | 
> de> Pap), DOSED cate 


mM: 


the double series being taken with respect to all r=1, m21, 
such that },+m=I,. The series Xd,e~™ has an abscissa of 
absolute convergence not larger than log(eM* esto +¢74"), 
the function F*(s)=Ddne—™ 15s uniform in the half-plane 
o>log(eMxGio),. 42%), and the only possible singulari- 
ties of F¥(s) in this half-plane are the points of the form 
vy =log(e*+e*), where a is a point of Si, B a point of S,”, 
the limit-points of these points , the points of the form 
vy =log(e®+1) and the limit-points of this set. The logarithms 
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in both expressions log(e*+e*), log(e®+1) should be taken 
with all their determinations. 
Let c>max(0, ou’), we shall prove that, for x sufficiently 


large, 
kl [edie ds 
(118) P(2) =~ i S(s)¢[loges —e") | aap 


—An 


where (for x sufficiently large) g[log(e:—e*) ]= 3 b.(e— 24) 


ie 3 bem [14+ 2, An(An+1): se ar em(s—s) J, 
the igiae of integration being the line o=c. 
We have indeed, by Theorem X, ae x sufficiently large: 


x go [Fe {)ellog(¢ —e) 1, 


Fos) y be [1 + Se Nahe) ut) gms aS 


c-ioe n= m! fi 
— - Nira e ee 1) —(An—+m)z k!} ms 
“$543 2. so é 3 [Foes a 
sat <a 
+ 2 bee cif fH (js 
= Ee | a Ome 
=->.> ‘ost = ose ape Bi 3° Yor— pies 


n=1 >HI m! Bnsm 


3 


= 3 5 az (m)b, a ret) ‘An+m—1) e—On+m)s 


n=1 m=1 m! 
o 

=> dyen 
1 


These equalities hold if log(e*—e*) >o,4°, that is to say, if 
x >log(e*+e"). They hold for the same values of z if 
da,e-* and 7b,e—™* are respectively replaced by Y|a,|e 


and }°|b,|e~”’. This proves that Sd,e~** converges abso- 
1 
lutely for « >log(e*+-e%4*), and since c is chosen arbitrarily, 


1Tt should be recalled that, if m <, then ae) (m) =0. 
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such that c >max(0, a4’), we see that o4¥ Slog(emx(oafo) 4 goa?) 

Let us now suppose that c>max(0, «1, o4*). If we define 

i(e) in exactly the same way as we did in proving Theorem 

XXXIII, we see, in the same way as we proved (110), 

that, this time for x>log(e*+er*): 
k! d 

119 ¥(s) = ‘—e)] 

(119) (0) =F [fWellog(e—e)]- 


k+l 
Now let s vary in a closed bounded region A which con- 
tains points with «>log(e°4-e4"), and such that, for e>0 
arbitrary, fixed, for each z € A, each a e S/", each 6 € S,”, and 
each determination of the logarithm: 


(120) |z—log(e* +e) | >a 
Let also, for each z € A, the following inequality be satisfied : 
(121) x > log (eMexr(en, 0)-+2¢ 4 por) 


Since for each ae S* and each s e C¥(e) the inequalities 
|e*| <ev4’, |es| <ec4ftze are satisfied and, since to each 
5 € C¥(e) there corresponds an ae Sj“, such that |s—a| <2 V2e, 
we see that to each se C#*(e) there corresponds an a e S? 
such that: 

(122) le—2| <n=a(0) 
where 7(¢€)—0 as e—0. 

There exists therefore a constant 6>0 such that, if e¢ is 
sufficiently small, the inequality 
(123) |log(e7—e*) —B| >6 
is satisfied for each ze A, each s e C¥(e), and each Be S,”, 
the logarithm being taken with all its determinations. 

Indeed, if (123) were not true there would exist a sequence 
{zi}, z:¢ A, a sequence {s:}, 5s: C#(e), a sequence {£;}, 
6: €S,%, such that: 

(124) lim (log (e# —e%)) =0, 


(the determination of the logarithm being suitably chosen 
for each i). And, since there exist three constants, Mi, M2, 
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Ms; such that |R(z)| <M, 2€ A, |R(s)| <Ma, 5 € Gi*(e), 
|R(8)| <Ms, Be S,%, the equality (122) would imply: 


lim (e+ ete ies, 


and, by (122), for 7 sufficiently large, we would have for a 
certain sequence {a;}: 

| e* —e% —e%| <2n(e), 
which would also furnish the inequality (for e sufficiently 


small) : |z;—log(e* +e) | <m=m(e), 


with 7(e)—0 as e>0. And for ¢ sufficiently small («4 being 
fixed) this would be in contradiction with (120). Thus (123) 
does hold. It follows, on the other hand, from (121) that, 
if z e A, and s e C#(e), then: 
R [log (er —e*) ] =log| e*—e*| Zlog(e* —e") 
> log (ez — emax(Hy(), 128) >. 

In other words, if z ¢ A, s e C¥(e), and if 6.>0 is fixed, 
then for | Arg(ez—e*)| sufficiently large: 
(126) — |e [log(es—e*) ] | <N(62) | Arg(e*—e*) [***, 
where Arg(e?—e*) is well defined, since by the expansion we 
gave to (e7—e*)~™ it is seen that log(e*—e*) is to be taken 
real for z and s real, and it is everywhere (for each couple 
z and s) defined by analytic continuation. From (125), and 
from |R(s)| <M; and the fact that A is bounded, it follows 
immediately that there exists a constant 4 such that, if 
zeA, seCf(e), then |Arg(e7—e*)| <4|Arg e*| =A4|t|, for 
|¢| sufficiently large: 

|e [loge —e*)] | SN2(d2) |2]47*. 

On the other hand, we have on C¥#(e) for |z| sufficiently 

large, and 6:>0 fixed: 
[f(s) | <Ni(&) | 

and if 6; and 4, are chosen sufficiently small, in order to 
have u+v+6:+52<k, the integral in (119) has a meaning 


(125) 


yoy 
> 
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when zeZ. It defines there a holomorphic function of z. 
Since ¢ and « are arbitrarily small this achieves the proof 
of our theorem. 

In another form this theorem was given by the author [8]. 

A more precise form of this theorem can be obtained in 
the same way as Theorem XXXIV was obtained from 
Theorem XXXIII. 

Tueorem XLI. Jf s=0 is a regular point for f(s), then, 
with the same notations and the same hypotheses as in Theorem 
AL, the function FF(s) =Cd,e~ is uniform in the half-plane 
g>log(e™™ +e), and the only possible singularities of 
FR(s) —IfF(s) where, 

I*(s) Buc at 
s__t 
+:+-+f®(0)¢[log(es —1)], 
in the half-plane o>log(e™™ +e) are the points y of the 
form y =log(e*+e*), where a1s a point of S', B a point of S,” 
and the limit-points of this set. The logarithm in log(e*+e®) 
should be taken with all its determinations. 

The reader has only to recall how Theorem XXXIV fol- 
lows from Theorem XXXIII in order to understand how 
Theorem XLI follows from Theorem XL. 

The theorems of this chapter could probably be applied 
to Dirichlet series with coefficients satisfying some arith- 
metical properties, in the same way as Hurwitz’ theorem 
was applied in order to furnish such theorems for Dirichlet 


series (see, for instance [6]). 7 
S. MANDELBROJT. 
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